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MILNOR’S CONCORDANCE INVARIANTS FOR KNOTS ON SURFACES
MICAH CHRISMAN
Abstract. Milnor’s µ-invariants of links in the 3-sphere S3 vanish on any link concordant to a
boundary link. In particular, they are trivial on any knot in S3. Here we consider knots in thickened
surfaces Σ × [0, 1], where Σ is closed and oriented. We construct new concordance invariants by
adapting the Chen-Milnor theory of links in S3 to an extension of the group of a virtual knot.
A key ingredient is the Bar-Natan Ж map, which allows for a geometric interpretation of the
group extension. The group extension itself was originally defined by Boden-Gaudreau-Harper-
Nicas-White. Our extended µ¯-invariants obstruct concordance to homologically trivial knots in
thickened surfaces. We use them to give new examples of non-slice virtual knots having trivial
Rasmussen invariant, graded genus, affine index (or writhe) polynomial, and generalized Alexander
polynomial. Furthermore, we complete the slice status classification of all virtual knots up to five
classical crossings and reduce to four (out of 92800) the number of virtual knots up to six classical
crossings having unknown slice status.
Our main application is to Turaev’s concordance group VC of long knots on surfaces. Boden
and Nagel proved that the concordance group C of classical knots in S3 embeds into the center of
VC. In contrast to the classical knot concordance group, we show VC is not abelian. This answers
a question posed by Turaev.
1. Overview
For an m-component link L in the 3-sphere S3, Milnor [45] introduced an infinite family of link
isotopy invariants called the µ-invariants. Collectively they determine how deep the longitudes of
L lie in the lower central series of π1(S
3
r L). Milnor’s invariants are well-defined only up to a
certain indeterminacy and give integer valued invariants when all lower order invariants are trivial.
The µ-invariants are also invariants of link concordance. The set of µ-invariants vanishes for any
link that is concordant to a boundary link, i.e. a link whose components bound pairwise disjoint
Seifert surfaces. In particular, the µ¯-invariants are trivial for all knots in S3. The aim of this paper
is to construct an extension of Milnor’s concordance invariants to knots in thickened surfaces Σ×I,
where Σ is closed and oriented and I = [0, 1]. The extended µ-invariants introduced here obstruct
concordance to homologically trivial knots in Σ× I.
By concordance of knots in Σ× I, we mean concordance in the sense of Turaev [60]. Let Σ,Σ∗
be closed oriented surfaces and K ⊂ Σ × I, K∗ ⊂ Σ∗ × I be oriented knots. Then K and K∗ are
said to be virtually concordant if there is a compact oriented 3-manifold W and a smoothly and
properly embedded annulus Λ ⊂W × I such that ∂W = Σ∗ ⊔−Σ and ∂Λ = K∗ ⊔−K (see Figure
1). The minus signs here indicate a change in the given orientation. A knot is called virtually slice
if it is concordant to the unknot in the thickened 2-sphere.
In the smooth category, virtual concordance is equivalent to concordance of virtual knots, as
defined by Kauffman [37]. Two main applications of the extended Milnor invariants are given. The
first application is to the study of Turaev’s group of long knots on surfaces, or equivalently, the
concordance group VC of long virtual knots (see Definition 5.1.1 ahead). Secondly, we continue the
program begun in [7, 51] of determining the slice status of the 92800 virtual knots from Green’s
table [24] having at most six classical crossings. Using the extended µ¯-invariants, we reduce the
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Figure 1. Schematic depiction of a virtual concordance.
number of virtual knots having unknown slice status to four. The key ideas and their motivations
are sketched below. Definitions of terms used in the remainder of this section are presented mostly
in Section 2 and otherwise as needed throughout the text. Henceforth, decimal numbers will
correspond to virtual knots in Green’s table, so that 3.5 refers to the fifth 3-crossing entry therein.
1.1. The invariants. Let K be a virtual knot diagram and G(K) its group. The main tool used
is an extension G˜(K) of G(K). The extension G˜(K) is originally due to Boden et al. [9]. As in the
case of classical knots, the nilpotent quotients of G(K) are always free and thus do not provide any
useful slice obstructions. Here we will show that the nilpotent quotients of G˜(K) are generally not
free. Hence, by adapting the Chen-Milnor theory of links in S3 to the nilpotent quotients of G˜(K),
we can construct new concordance invariants for virtual knots. They collectively determine how
deep certain elements of G˜(K), called extended longitudes, live in the lower central series. For a long
virtual knot ~K, we derive an extended Artin representation from G˜( ~K). Following Habegger-Lin
[26], we obtain new concordance invariants of long virtual knots from certain automorphisms of
these nilpotent quotients.
1.2. Application: VC is not abelian. It is well-known that the smooth concordances classes of
knots in S3 form an abelian group C under the connected sum operation. In [10], Boden and Nagel
proved that C embeds as a subgroup into the center of the long virtual knot concordance group VC.
While the structure of the classical knot concordance group has been extensively studied in both
the smooth and topological categories, little is known about the structure of VC. Cochran, Orr, and
Teichner [18] showed there is a filtration Ctop ⊃ F0 ⊃ F.5 ⊃ F1 ⊃ · · · of the topological concordance
group of classical knots in S3. The quotient Ctop/F0 ∼= Z2 corresponds to the two band-pass classes
of knots: those that are band-pass equivalent to the trefoil and those that are band-pass equivalent
to the unknot. On the other hand, for every concordance class [K] ∈ VC, there is a J ∈ [K] that
is not band-pass equivalent to K and an L ∈ [K] that is not band-pass equivalent to either the
unknot or the trefoil [14]. This divergence from the classical case suggests that the structure of VC
is in need of deeper study.
Here we show that in contrast to the classical knot concordance group, VC is not abelian. This
answers a question posed by Turaev (see [60], Section 6.5). Previously, Manturov [43] proved that
the equivalence classes of long virtual knots form a non-commutative monoid. Our result shows
that non-commutativity also holds under the coarser relation of virtual concordance.
1.3. Application: virtual slice obstructions. A virtual knot is said to be almost classical (AC)
if it can be represented by a homologically trivial knot in some thickened surface Σ×I. In [5], it was
shown that the generalized Alexander polynomial vanishes on any virtual knot that is concordant
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to an AC knot. Here we prove that the extended µ¯-invariants also vanish on any virtual knot
concordant to an AC knot. Furthermore, it will be shown that the vanishing of the extended µ¯-
invariants implies the vanishing of the generalized Alexander polynomial. As slice obstructions, the
extended µ¯-invariants are therefore at least strong as the generalized Alexander polynomial and the
concordance invariants derived from it i.e., the odd writhe, Henrich-Turaev polynomial, and affine
index (or writhe) polynomial.
On the other hand, the extended µ¯-invariants can be nontrivial when the generalized Alexander
polynomial vanishes. In addition to the generalized Alexander polynomial, other known slice ob-
structions are: Turaev’s graded genus [7], the Rasmussen invariant (Dye-Kaestner Kauffman [20],
Karimi [33], Rushworth [51]), and the signature of almost classical knots [6]. These tools have been
collectively used to determine the slice status of most of the knots in Green’s table. In addition,
there are 1299 virtual knots having at most six classical crossings that are known to be slice [5, 7].
However, there are 38 virtual knots in Green’s table where all these invariants are trivial and a slice
movie has yet to be found. Using the extended µ¯-invariants and Artin representation, we show that
12 of these are not slice and provide slice movies for an additional 22. In particular, we complete
the slice status classification of the 2564 nontrivial virtual knots having at most five crossings.
The extended µ¯-invariants beyond the first non-vanishing order can also be used to separate
the concordance classes of some virtual knots. An example will be given of two non-concordant
virtual knots having the same slice genus, graded genus, generalized Alexander polynomial, and
first non-vanishing extended µ¯-invariants, but different higher order extended µ¯-invariants.
1.4. Ж and Tube. The main difficulty in constructing the extended µ¯-invariants and the extended
Artin representation lies in proving invariance under concordance. For this we use a two-step
geometric realization process. The first step is the Bar-Natan Ж map. The Ж map assigns to
each m-component virtual link an (m + 1)-component welded link Ж(L) = L ∪ ω. In [5], this
map was shown to be functorial under concordance, so that concordant virtual links are mapped
to concordant welded links having one additional component. The second step is Satoh’s Tube
map [52]. It sends a welded link L to a ribbon torus link Tube(L) in S4. Satoh proved that if two
welded links L,L∗ are equivalent, then Tube(L),Tube(L∗) are ambient isotopic ribbon torus links.
In [5], it was shown that the Tube map is also functorial under concordance. Hence, Tube ◦ Ж
maps concordant virtual links to concordant ribbon torus links in S4.
The Ж map gives a geometric realization of the extended group of a virtual link while the
Tube map gives a geometric realization of the group of a virtual link. Together they imply that
G˜(L) ∼= G(Ж(L)) ∼= π1(S
4
rTube◦Ж(L)). These isomorphisms provide a natural way to port the
standard geometric techniques of classical link concordance back to the purely algebraic definition
of the extension G˜(L). The extended µ¯-invariants are constructed by first developing the Chen-
Milnor theory for the groups G(L) of multi-component virtual links and then pre-composing with
the Ж map. In particular, the invariants for virtual knots, which we will call the ж-invariants,
are the Milnor invariants of the 2-component welded link Ж(L). A similar approach is applied to
obtain the extended Artin representation, where we pre-compose the usual Artin representation of
multi-component virtual string links with the Ж map.
1.5. Organization. The organization of this paper is as follows. In Section 2, we review virtual
link concordance, the Ж map, the Tube map, and the extensions G˜(L). Section 3 proves a Chen-
Milnor type theorem that will be applied in later sections to the groups and extended groups of both
virtual links and virtual string links. Section 4 develops the µ¯-invariants and extended µ¯-invariants
for virtual knots and links. The Artin and extended Artin representations of virtual string links are
discussed in Section 5. Properties and relations of the ж-invariants of virtual knots are proved in
Section 6. The two main applications, example calculations, and slice movies are given in Section
7. The paper concludes in Section 8 with questions for further research.
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2. Virtual, Welded, & Ribbon Torus links
2.1. Virtual concordance. Here we discuss how virtual concordance of knots in thickened sur-
faces can be reformulated as concordance of virtual knots. Recall that a virtual knot diagram is an
oriented immersed curve in the plane having only transverse double points, where each crossing is
marked as a usual over/under crossing or as a virtual crossing (Kauffman [34]). A virtual crossing
is denoted with a small circle around the double point. Two virtual knot diagrams K,K∗ are
equivalent, denoted K ⇌ K∗, if they may be obtained from one another by Reidemeister moves
and the detour move (Figure 2). The detour move allows for the arbitrary placement of any arc
containing only virtual crossings. Here we will denote the three Reidemeister moves as Ω1,Ω2,Ω3.
An equivalence class of diagrams is called a virtual knot. Virtual link diagrams are defined analo-
gously, where a finite number of oriented immersed circles is allowed. The components of a virtual
link diagram are assumed to be ordered.
⇌
Figure 2. The detour move.
A link diagram L on a closed oriented surface Σ corresponds to a virtual link diagram L. The
diagram L is obtained by drawing the crossing data of L in the plane and connecting the ends of
the arcs exactly as they occur on Σ (see Figure 3, left). If this cannot be done without adding
additional intersections of arcs, the new crossings are marked as virtual crossings. Conversely, a
link diagram on a surface can be obtained from any virtual link diagram L. Thicken the arcs of
the diagram of L, as in the right of Figure 3. At a virtual crossing, two bands pass by one another
without intersecting. Adding discs to the boundary of this surface gives a link diagram L on a
closed oriented surface Σ. The surface Σ is called the Carter surface of the virtual link diagram L
(Carter-Kamada-Saito [11]).
Figure 3. Converting a knot on a surface to a virtual knot and vice versa.
A smooth concordance between two links in S3 can be visualized as a movie between diagrams of
the links. The movie consists of a finite connected sequence of Reidemeister moves, births, deaths,
and saddles (see Figure 4). This motivates Kauffman’s definition of virtual link concordance [37].
Definition 2.1.1 (Virtual link concordance, slice virtual link). Two virtual knots K,K∗ are said to
be concordant if and only if they may be obtained from one another by a finite connected sequence
of Reidemeister moves, detour moves, births, deaths, and saddle moves (see Figure 4) such that:
#(births)−#(saddles) + #(deaths) = 0.(1)
4
Twom-component virtual links are concordant if there is a sequence of moves as above that restricts
to a concordance of virtual knots on each component. An m-component virtual link is said to be
slice if it is concordant to the m-component unlink.
saddle
L L
birth
death
Figure 4. Births, deaths, and saddles.
Example 2.1.2. Figure 5 shows the diagram of a virtual knot K equivalent to 5.1216. Perform
a saddle move to the two arcs connected by the blue dashed chord. The result is a 2-component
virtual link diagram that is equivalent to the 2-component unlink. Using a death move on the red
component gives a concordance to the unknot. Hence, 5.1216 is slice.
Figure 5. A slice movie for a virtual knot K ⇌ 5.1216.
A result of Carter, Kamada, and Saito (see [11], Lemma 4.5) implies that K ⊂ Σ×I,K∗ ⊂ Σ∗×I
are virtually concordant if and only if they represent concordant virtual knots. A brief sketch of
their argument is as follows. Let W be a compact oriented 3-manifold such that ∂W = Σ∗ ⊔ −Σ
and suppose Λ ⊂W × I is a concordance between K,K∗. Assume that the projection W × I → W
maps Λ to a generically immersed surface in W , also denoted by Λ. Consider a Morse function
h : W → [0, 1], where h−1(0) = Σ and h−1(1) = Σ∗. The singularities of Λ correspond to
Reidemeister moves and the critical points of h in Λ correspond to births, deaths, and saddles.
The critical points of h in W r Λ can be viewed as additions/deletions of 0, 1, and 2-handles.
These correspond to stabilizations/destabilizations of knots in thickened surfaces. Since virtual
knots are in one-to-one correspondence with knots in thickened surfaces modulo ambient isotopy,
stabilization/destabilization, and orientation preserving diffeomorphisms of surfaces (Kuperberg
[39]), the result follows.
2.2. The Ж Map. Two m-component virtual link diagrams are said to be welded equivalent if
they may be obtained from one another by a finite sequence of Reidemeister moves, detour moves,
and forbidden overpass moves (see Figure 6). The forbidden overpass move allows for the arbitrary
rearrangement of successive overcrossings and is hence also referred to as the overcrossings-commute
relation. If L,L∗ are welded equivalent, we will write L ⇌w L
∗. Two virtual link diagrams are
said to be welded concordant if they admit a concordance of virtual link diagrams when forbidden
overpass moves are also allowed.
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⇌w
Figure 6. The overcrossings-commute relation (or forbidden overpass move).
Bar-Natan’s Ж map associates to each m-component virtual link L an (m+1)-component semi-
welded link L∪ω. Before defining the Ж map, we recall the definitions of semi-welded equivalence
and semi-welded concordance from [5].
Definition 2.2.1 (Semi-welded equivalence & concordance). Two (m+1)-component virtual link
diagrams L ∪ ω, L∗ ∪ ω∗ are said to be semi-welded equivalent if they may be obtained from one
another by a finite sequence of Reidemeister moves and detour moves involving all components of
L ∪ ω, together with forbidden overpass moves where the overcrossing arc in Figure 6 belongs to
the ω component. Semi-welded equivalence is denoted with ⇌sw. A semi-welded concordance is
welded concordance between L ∪ ω, L∗ ∪ ω∗ where the forbidden overpass move is only allowed on
the ω component.
The diagram Ж(L) = L ∪ ω is constructed as follows. At each classical crossing, draw a new
oriented arc through the double point that crosses over both of the other arcs (see Figure 7). The
new arcs are assembled into a single component ω by connecting their ends together arbitrarily.
The only requirement is that orientation of the arcs is preserved. Any new intersections of arcs that
are introduced during this process are marked as virtual crossings. The new (m + 1)-component
link is denoted by Ж(L) and it is well-defined up to semi-welded equivalence. An example of the
Ж map is given in Figure 8, where two possible outcomes of the construction are depicted.
Ж
Ж
⇌sw
⇌sw
⇌sw
⇌sw
ω
ω
ω
ω
ω
ω
Figure 7. Behaviour of the Ж map at a classical crossing.
To see that the Ж map is well-defined, consider the effect of traveling along the ω component
from a base point. Using detour moves, it may be arranged that all of the virtual crossings appear
before the classical crossings. Now, the order of any two consecutive classical crossings can be
transposed using a detour more and a forbidden overpass move on the ω component. See Figure
9. Since an arbitrary arrangement of the classical crossings is a permutation of any fixed ordering
and permutations are generated by transpositions, Ж(L) is well-defined.
If L,L∗ are equivalent virtual links, then Ж(L), Ж(L∗) are semi-welded equivalent. This result
was first proved Bar-Natan [3]. A detailed proof is given in [5], Proposition 4.1. Furthermore,
a concordance movie between two virtual links L,L∗ gives a semi-welded concordance movie of
Ж(L), Ж(L∗). This implies the following result.
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Ж ⇌sw
Figure 8. The Ж map applied to the virtual knot K = 3.5. The two depicted
ways of drawing the ω component of Ж(K) are semi-welded equivalent.
⇌ ⇌sw
ω
Figure 9. The Ж map is well-defined.
Theorem 2.2.2 ([5], Proposition 4.3). If L,L∗ are concordant virtual links, then Ж(L), Ж(L∗)
are semi-welded concordant.
2.3. The Tube Map. Satoh’s Tube map [52] assigns to each welded link a ribbon torus link in
S4. The Tube map is defined using broken surface diagrams. After an ambient isotopy, a smoothly
embedded surface in R4 can be projected to a generically immersed surface in R3. For concreteness,
say the projection is (x1, x2, x3, x4) → (x1, x2, x3). A broken surface diagram is constructed by
breaking double lines of the immersion along the sheet having smaller x4 coordinate (Figure 10).
Figure 10. Breaking a double line (left) to form a broken surface diagram (right).
The Tube map associates a broken surface diagram Tube(L) to each virtual link diagram L as
follows. Each arc of the diagram is mapped to an annulus. At virtual crossings, two cylinders
pass over and under one another as in Figure 11, right. At a classical crossing, the broken surface
diagram appears as in Figure 11, left. Then Tube(L) is a broken surface diagram of a collection
of knotted tori in S4, with one torus component for each component of L. Moreover, Tube(L) is
a ribbon torus link : it bounds an immersed 3-dimensional handlebody in S4 having only ribbon
singularities.
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Tube // Tube //
Figure 11. The Tube map.
Ribbon torus links are considered equivalent up to ambient isotopy in S4. If L∗ is obtained from
L by a single Reidemeister move, detour move, or forbidden overpass move, then the Roseman [50]
moves can be used to show that Tube(L) and Tube(L∗) are equivalent ribbon torus links.
Theorem 2.3.1 (Satoh [52], Proposition 3.3). If L,L∗ are equivalent welded links, then Tube(L)
and Tube(L∗) are equivalent ribbon torus links.
Two m-component ribbon torus links T, T ∗ are said to be concordant if there is a smooth and
proper embedding Λ of
⊔m
i=1(S
1×S1)×I into S4×I such that Λ∩(S4×1) = T ∗ and Λ∩(S4×0) = −T .
In [5], it was shown that a concordance of welded links generates a handle decomposition of a
concordance between their corresponding ribbon torus links. This implies that the Tube map is
also functorial under concordance.
Theorem 2.3.2 ([5], Proposition 4.7). If L,L∗ are welded-concordant virtual link diagrams, then
Tube(L) and Tube(L∗) are concordant ribbon torus links.
2.4. Groups & extended groups. The group of an m-component virtual link L was first defined
by Kauffman [34]. Recall that the arcs of a virtual link diagram are the paths along the diagram
going from one undercrossing of L to the next, where virtual crossings are ignored.
Definition 2.4.1 (Group of L). The group G(L) of a virtual link diagram L is the group whose
generators are in one-to-one correspondence with the arcs of L and whose relations are in one-to-one
correspondence with the crossings of L, as shown in Figure 12.
a b
ad
d = a−1ba
a b
cb
c = bab−1
a b
ab
none
Figure 12. Relations for the group G(L) of a virtual link diagram L.
The group of a link is invariant under Reidemeister moves, detour moves, and the forbidden
overpass move. Thus it is an invariant of welded equivalence. The geometric realization of G(L) is
given by the following theorem of Satoh (see also Silver-Williams [54], Theorem 2.2).
Theorem 2.4.2 (Satoh [52], Proposition 3.4). For a virtual link diagram L, G(L) ∼= π1(S
4
r
Tube(L)).
Extensions of the group of a virtual link have been studied by Manturov [43], Silver and Williams
[57], and Bardakov and Bellingeri [4]. These extensions were unified by Boden et al. [8] using a
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further extension called the virtual knot group. In [9], Boden et al. introduced a subgroup of
the virtual knot group called the reduced virtual knot group and proved that this subgroup is
isomorphic to the extended group from Silver-Williams [57] and the quandle group from Manturov
[43] and Bardakov-Bellingeri [4] (Boden et al. [9], Theorem 3.3). As these three extensions are all
equivalent, we will refer to them collectively here as the extended group of L. It will be denoted
by G˜(L). The presentation given by Boden et al. in [9] is defined as follows. The short arcs of
a virtual link diagram are paths along the diagram from one classical crossing to the next, where
virtual crossings are ignored.
a b
cd
c = vav−1
d = a−1v−1bva
a b
cd
c = bvav−1b−1
d = v−1bv
a b
ab
none
Figure 13. Relations for the extension G˜(L) of G(L).
Definition 2.4.3 (The group G˜(L) [8]). The group G˜(L) is the group whose generators are in
one-to-one correspondence with the short arcs of L, together with an auxiliary variable v. G˜(L)
has two relations for each classical crossing of L, as shown in Figure 13.
Remark 2.4.4. In [5, 9], the extension G˜(L) is denoted GL. We use the term extended group
rather than reduced virtual knot group to avoid confusion with the term reduced link group which
is prevalent in the Milnor invariant literature (see e.g. [25], [1]).
The group G˜(L) is an invariant of virtual link equivalence. To see that G˜(L) is an extension of
G(L), observe that the relations for G(L) are recovered from G˜(L) by setting v = 1 in Figure 13.
This implies that the following sequence is exact and that G˜(L) is indeed an extension of G(L) (see
also Silver-Williams [57]).
1 // 〈〈v〉〉 // G˜(L)
v→1 // G(L) // 1 .
The above presentation for G˜(L) will be used here for the extended group as it is more natural
with respect to the Ж map. Indeed, the extended group of L is isomorphic to the group of Ж(L).
Theorem 2.4.5 ([5], Proposition 4.5). For a virtual link L, G˜(L) ∼= G(Ж(L)). The isomorphism
sends the auxiliary variable v to a meridian (i.e. arc) of the ω component of Ж(L).
Combining this with Theorem 2.4.2, we have the following geometric realization of G˜(L).
Corollary 2.4.6. G˜(L) ∼= G(Ж(L)) ∼= π1(S
4
rTube ◦ Ж(L)).
3. Chen-Milnor Type Theorems
The Chen-Milnor Theorem gives a presentation of the nilpotent quotients of the group of a
classical link. Here we will require Chen-Milnor type theorems for the groups and extended groups
of both virtual links and virtual string links. In this section, we give a single Chen-Milnor Theorem
which will later be applied to each of these scenarios. First we fix some notation. Let G be a
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group and x, y ∈ G. We will write commutators as [x, y] = x−1y−1xy. Higher order left bracketed
commutators are defined inductively by:
[x1, x2, x3 . . . , xk] := [[x1, . . . , xk−1], xk].
For example, [w, x, y, z, w] = [[[w, x], y], z]. For x ∈ G, we will sometimes write x = x−1. For an
arbitrary group G and subgroups A,B ⊆ G, let [A,B] denote the subgroup generated by elements
of the form [a, b] for a ∈ A and b ∈ b. The lower central series is defined by G1 = G and
Gk+1 = [Gk, G] for k ≥ 1. This gives the series of normal subgroups G ⊲ G2 ⊲ G3 ⊲ · · · . The
nilpotent residual is defined to be Gω =
⋂∞
i=1Gi. The nilpotent quotients of G are the quotients
Qq(G) = G/Gq for q ≥ 2.
Let 〈t1, . . . , tk|r1, . . . , rl〉 be a presentation of finitely presented group G. The presentation is
said to be a Wirtinger presentation if for all i, ri = t
−1
j u
−1
i tkui for some j, k and some word ui in
t1, . . . , tk. If G has a Wirtinger presentation, we may partition the set of generators {t1, . . . , tk}
into m conjugacy classes C1, . . . , Cm. Let ni = |Ci|.
Definition 3.1.1 (Serial presentation). The set Ci is said to be cyclic if there is an ordering
ci,1, . . . , ci,ni of the elements of Ci such that the relations defining Ci can be written in the form
ci,j+1 = wi,jci,jwi,j for 1 ≤ j ≤ ni, with the indices of ci,j taken modulo ni. The relation for a cyclic
Ci of the form ci,1 = wi,nici,niwi,ni will be called the return relation. A conjugacy class containing
a single generator and no defining relations will be called (trivially) cyclic. A set Ci will be called
serial if ni ≥ 2 and its elements may be ordered ci,1, . . . , ci,ni so that its defining relations are of
the form ci,j+1 = wi,jci,jwi,j for 1 ≤ j ≤ ni − 1. A Wirtinger presentation will be called serial if
each of its conjugacy classes C1, . . . , Cm is either cyclic or serial.
Example 3.1.2. Let G = 〈a1, a2, a3, a4|a2 = a1a2a1, a4 = a1a3a1〉. Then G is a serial Wirtinger
presentation, where C1 = {a2} is cyclic, C2 = {a3, a4} is serial, and C3 = {a1} is trivially cyclic.
If Ci is cyclic, set li,j = wi,1wi,2 · · ·wi,j for 1 ≤ j ≤ ni. If Ci is serial, set li,j = wi,1wi,2 · · ·wi,j for
1 ≤ j ≤ ni−1. Then in both cases, we have the equivalent set of defining relations ci,j+1 = l¯i,jci,1li,j
for G. In the cyclic case, the return relation is of the form ci,1 = l¯i,nici,1li,ni , where li,ni is the identity
e ∈ G if Ci is trivially cyclic.
Definition 3.1.3. For a cyclic conjugacy class (serial conjugacy class), set λi = li,ni (respectively,
λi = li,ni−1). Then λi will be called a parallel word and the pair (ci,1, λi) will be called a meridian-
parallel word pair. If the exponent sum of the letters ci,j in λi is zero, then λi will be called a
longitude word.
Suppose G has a serial Wirtinger presentation and let Φ be the free group generated by the set
of ci,j. For q ≥ 1 we follow Milnor [45] and define maps p
(q) : Φ→ Φ recursively by.
p(1)(ci,j) = ci,j
p(q)(ci,1) = ci,1
p(q+1)(ci,j+1) = p
(q)(l¯i,jci,1li,j)
Lemma 3.1.4. If G has a serial Wirtinger presentation as above, then p(q) : Φ → Φ descends to
an automorphism p(q) : Qq(G) → Qq(G). Moreover, the following diagram commutes, where the
horizontal arrows are the natural projections.
Q2(G)
p(2)∼=

Q3(G)oo
p(3)∼=

· · ·oo Qq(G)oo
p(q)∼=

Qq+1(G)oo
p(q+1)∼=

· · ·oo
Q2(G) Q3(G)oo · · ·oo Qq(G)oo Qq+1(G)oo · · ·oo
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Proof. The proof follows that of Milnor [45], Theorem 4. First observe that if a, b, x ∈ Gq and
a ≡ b mod Gq then a¯xa ≡ b¯xb mod Gq+1. Now, to see that p
(q) is an isomorphism, note that
p(q)(ci,j) ≡ ci,j mod Gq. This is true for q = 1 and for all q if j = 1. Assume the claim is true up
to q. Then p(q)(li,j) ≡ li,j mod Gq and it follows from the initial observation that:
p(q)(l¯i,jci,1li,j) = p
(q)(li,j)
−1p(q)(ci,1)p
(q)(li,j) ≡ l¯i,jci,1li,j mod Gq+1.
Thus, p(q+1)(ci,j+1) = ci,j+1 mod Gq and the claim follows by induction. This implies that
p(q)(Gq) ⊆ Gq and that p
(q) is both injective and surjective on the nilpotent quotients.
To prove that the diagram commutes, it is sufficient to show that p(q)(ci,j) ≡ p
(q+1)(ci,j) mod Φq.
The claim holds if q = 1 or j = 1 by definition of p(q). Suppose then the claim holds up to q. Then
p(q)(li,j) ≡ p
(q+1)(li,j) mod Φq. Again by the initial observation:
p(q+1)(ci,j+1) = p
(q)(l¯i,jci,1li,j) ≡ p
(q+1)(l¯i,j)ci,1p
(q+1)(li,j) ≡ p
(q+2)(ci,j+1) mod Φq+1.
Thus, p(q)(ci,j) ≡ p
(q+1)(ci,j) mod Φq and the lemma is proved. 
Let G be a serial Wirtinger presentation and let C1, . . . , Cr, Cr+1 . . . , Cm be the conjugacy classes
of its generators, where Cr+1, . . . , Cm are the cyclic classes and r ≤ m. For 1 ≤ i ≤ m, let ci = ci,1.
Then the return relations are given by ci = λ¯iciλi, where (ci, λi) is a meridian-parallel word pair.
Let F be the free group on c1, . . . , cm. Define φ : Φ → F by φ(ci,j) = ci and φ
(q) : Φ → F by
φ(q) = φ ◦ p(q). Below is the Chen-Milnor type theorem that will be used throughout the text. The
proof again follows Milnor [45], Theorem 4.
Theorem 3.1.5. For a serial Wirtinger presentation of G and notation as above, the nilpotent
quotients of G have the following presentation:
Qq(G) ∼= 〈c1, . . . , cr, cr+1, . . . , cm|[cr+1, φ
(q)(λr+1)], . . . , [cm, φ
(q)(λm)], Fq〉.
Proof. First note that G/G2 = G/[G,G] is abelian. Then p
(2)(ci,j) ≡ ci,1 mod G2 for all i, j.
Indeed, this is true by definition if j = 1 and if j > 1, we have:
p(2)(ci,j+1) = p
(1)(l¯i,jci,1li,j) = l¯i,jci,1li,j ≡ ci,1 mod G2
Since p(q+1) is defined recursively in terms of p(q), this implies that the image of p(q) is generated
by c1,1, . . . , c1,m for all q ≥ 2.
Let N be the normal subgroup of Φ generated by the relations of G. Since φ(Φq) = Fq, it follows
that φ(q)(Φq) = Fq. By Lemma 3.1.4,
p(q)(ci,j+1) ≡ p
(q+1)(ci,j+1) = p
(q)(l¯i,jci,1li,j) mod Φq.
Thus, if j ≤ ni− 1, φ
(q)(c¯i,j+1l¯i,jci,1li,j) ∈ Fq. If i ≤ r, all relations for the conjugacy class Ci are of
this form. Furthermore, if r + 1 ≤ i ≤ m, this implies that every relation of G that is not a return
relation is mapped to Fq. Thus, if R is the normal subgroup of F generated by the image of the
return relations, φ(q) descends to an isomorphism:
φ(q) : Φ
NΦq
∼= // F
RFq
Lastly, observe that if i ≥ r + 1, the effect of φ(q) on the return relation of Ci is:
φ(q)(c¯i,1l¯i,nici,1li,ni) = [ci, φ ◦ p
(q)(li,ni)].
Thus, φ(q) is an isomorphism and the proof is complete. 
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4. Milnor & extended Milnor invariants
This section defines concordance invariants from the nilpotent quotients of G(L) and the exten-
sion G˜(L). The case of G(L) is treated first and these results are extended to G˜(L) using the Ж
map. First, we give a direct proof that the virtual linking number is a welded-concordance invari-
ant (Section 4.1). The µ-invariants of virtual links can be viewed as higher order virtual linking
numbers (see Section 6.3). Section 4.2 discusses longitudes of virtual links and their relation to
longitudes of ribbon torus links. The properties of these longitudes are needed in the proof that
the µ-invariants are invariant under concordance (Section 4.3). The definition of the ж-invariants
of virtual knots appears in Section 4.4.
4.1. Virtual linking number. Recall that the writhe of a virtual knot diagram is the sum of
its crossing signs. The writhe is invariant only under Ω2, Ω3, and detour moves. If J ∪ K is a
2-component oriented virtual link diagram, the virtual linking number vℓk(J,K) is the number
of overcrossings of J with K, counted with sign. The virtual linking number is unchanged by
Reidemeister moves and detour moves and thus it is an invariant of virtual links. Unlike the
classical linking number, the virtual linking number is not symmetric.
Example 4.1.1. For the link in Figure 14, vℓk(J,K) = 1 6= 0 = vℓk(K,J). Also, both J,K are
equivalent to the unknot. However, writhe(J) = 0 and writhe(K) = −2.
J K
Figure 14. The virtual linking number is not symmetric.
Proposition 4.1.2. The virtual linking number is a welded-concordance invariant.
Proof. Let J = J1 ∪ · · · ∪ Jm be an m-component virtual link diagram, K = K1 ∪ · · · ∪ Kn be
an n-component virtual link diagram, and J ∪ K an (m + n)-component virtual link diagram
containing J and K as sublinks with no components in common. Define the total linking number
to be vℓk(J,K) =
∑m
i=1
∑n
j=1 vℓk(Ji,Kj). Clearly, vℓk(J,K) is unchanged by Reidemeister moves,
detours, and forbidden overpass moves. Suppose J∗ is an (m+ 1)-component virtual link diagram
obtained from J by performing a saddle move on Ji. Then Ji is replaced with J
∗
i ∪ J
∗∗
i . Since
every overcrossing of Ji with K occurs as either an overcrossing of J
∗
i or J
∗∗
i with K, it follows
that vℓk(J∗,K) = vℓk(J,K). Similarly, if K∗ is obtained from K by a saddle, then vℓk(J,K) =
vℓk(J,K∗). If L ⊔© denotes a birth, then vℓk(J ⊔©,K) = vℓk(J,K ⊔©) = vℓk(J,K).
Now suppose that L = J ∪K and L∗ = J∗∪K∗ are welded-concordant virtual links. Then there
is a sequence L = L1, . . . , Lr = L
∗ of links such that Li+1 can be obtained from Li by a single birth,
death, saddle, detour, forbidden overpass, or Reidemeister move. The above argument implies that
the total virtual linking number is unchanged at each step, and hence vℓk(J,K) = vℓk(J∗,K∗). 
4.2. Virtual ribbons and longitudes. We begin with a diagrammatic definition of longitudes of
virtual knots which is then related to the algebraic definition given in Section 3. Lastly, we relate
longitudes of a virtual link L to longitudes of the ribbon torus link Tube(L).
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Definition 4.2.1 (Virtual ribbon, parallel). A virtual ribbon is an immersed annulus in R2 whose
singularities are double points occurring only in classical or virtual crossings of bands, as in Figure
15. The image of the boundary of the virtual ribbon is a 2-component virtual link diagram whose
components are assumed to be co-oriented. If K is a virtual knot diagram that is one component
of a virtual ribbon boundary, then the other component is called a parallel of K.
Figure 15. A virtual crossing of bands (left) and a classical crossing of bands (right).
Example 4.2.2. Given a diagram of K, a virtual ribbon can be found by thickening the arcs of K
and drawing the crossings of bands as in Figure 15. A virtual ribbon and a parallel of 2.1 is drawn
on the left of Figure 16. The center of Figure 16 shows a different virtual ribbon and a different
parallel ℓ of 2.1.
K
K ′
K
ℓ
K
ℓ
Figure 16. A virtual ribbon showing a parallel K ′ of K (left), a virtual ribbon
showing a longitude ℓ of K (center), and ℓ without the virtual ribbon (right).
Lemma 4.2.3. If K ′ is a parallel of K. Then K ′ ⇌ K and:
vℓk(K,K ′) = vℓk(K ′,K) = writhe(K) = writhe(K ′).
Proof. The first claim is clear from the definition. For the second claim, observe that each classical
crossing of bands has four crossings: a crossing of K with itself, a crossing of K ′ with itself, an
overcrossing of K with K ′, and an overcrossing of K ′ with K. Since each of these crossings has the
same sign, the claim follows. 
Lemma 4.2.4. If K ′ is a parallel of K, K ⇌ K∗ (respectively, K ⇌w K
∗), and writhe(K) =
writhe(K∗), then there is a parallel (K∗)′ of K∗ such that K ∪ K ′ ⇌ K∗ ∪ (K∗)′ (respectively,
K ∪K ′ ⇌w K ∪ (K
∗)′).
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Proof. There is a sequence of moves from K to K∗ such that all intermediate diagrams have the
same writhe. Indeed, detours, Ω2, Ω3, and forbidden overpass moves do not change the writhe. If
an Ω1 move appears in the sequence from K to K∗, replace it by a pair of Ω1 moves as follows.
Instead of deleting a curl, add a second curl with opposite crossing sign, so that the writhe remains
unchanged. Instead of adding a single curl, add a pair of oppositely signed curls. The same sequence
of moves can be applied to the virtual ribbons, where the effect of adding/deleting oppositely signed
curls is to add/delete a pair of oppositely signed full twists (see Figure 17). Hence, K ′ is transported
to a parallel (K∗)′ of K∗. 
⇌ ⇌
Figure 17. Opposite twists cancel.
Definition 4.2.5 (Longitude). If ℓ is a parallel of K and vℓk(K, ℓ) = 0, then ℓ is called a longitude
of K. If K ∪K ′ is any 2-component link such that K ∪K ′ ⇌ K ∪ ℓ for a longitude ℓ of K, then
K ′ will also be called a longitude of K.
Theorem 4.2.6. Longitudes are well-defined up to both virtual and welded equivalence.
Proof. Let L be an arbitrary virtual link diagram and suppose L∗ is another diagram with L⇌ L∗.
Using Ω1 moves, it may be ensured that each component of L and L∗ has zero writhe. A virtual
ribbon R may be obtained by thickening each component K of L. The boundary of R is K ∪ ℓ,
where ℓ is a longitude of K. By Lemma 4.2.4, the parallel ℓ of K is transported to a parallel ℓ∗ of the
corresponding component K∗ of L. Since the virtual linking number is preserved by Reidemeister
and detour moves, this parallel is also a longitude. 
Let K be a component of a virtual link diagram L. A meridian-parallel word pair in G(L) can
be recovered from a parallel K ′ of K as in the case of classical links. Choose an initial arc to travel
along K ′ which is parallel to some arc a of K. While traversing the parallel, if an arc labeled with
the generator z of G(L) crosses over K ′, write the letter z±1 according to whether the crossing sign
is ±, respectively. The resulting word λ is a parallel and (a, λ) is a meridian-parallel word pair for
the conjugacy class of generators of G(L) corresponding to the arcs of K.
Lemma 4.2.7. The following hold for a meridian-longitude word pair (a, λ).
(1) The exponent sum in λ of the generators of G(L) in the conjugacy class of a is 0.
(2) The pair (a, λ) is well-defined up to simultaneous conjugation in G(L).
Proof. The first claim follows from the fact that vℓk(K,K ′) = 0. For the second claim, it is
sufficient to show that the pair is well-defined up to conjugation by a single generator z of G(L).
We will show that (zaz¯, zλz¯) is also a meridian-longitude pair for a link L∗ equivalent to L. Using
detour moves and a single Ω2 move, the arc z may be positioned so that it appears as in Figure 18,
right. The new link L∗ is equivalent to L and G(L∗) has a presentation with two more generators
x, a∗ and two more relations:
a = z¯xz, x = za∗z¯.
Substituting the second relation into the first gives a∗ = a and x = zaz¯. If a longitude word λ∗
is read off starting from x, we have λ∗ = zλz¯. Since this does not affect the exponent sum of
generators conjugate to a, (zaz¯, zλz¯) is also a meridian-longitude word pair. 
14
x aa∗
z
z
a
⇌
Figure 18. Meridian-longitude word pairs are well-defined up to simultaneous conjugation.
Next we describe the correspondence between longitudes of virtual links and longitudes of ribbon
torus links. First recall the isomorphism G(L) → π1(S
4
r Tube(L)) where L = K1 ∪ · · · ∪Km is
a virtual link diagram (see Audoux et al. [1]). The broken surface diagram of Tube(L) has a
well-defined notion of inner annuli and outer annuli, as in Figure 19, left. Fix a base point b in the
exterior of Tube(L). A meridian mα of an outer annulus α is a closed path from b that encircles
once a point in ∂α (see Figure 19, right). The arcs of L are in one-to-one correspondence with
the outer annuli of Tube(L). The classical crossings of L are in one-to-one correspondence with
the inner annuli of Tube(L). There is a presentation for π1(S
4
r Tube(L), b) whose generators are
the meridians of the outer annuli and whose relations are of the form mδ = m
−ε
β mαm
ε
β. The map
a → mα is an isomorphism G(L) ∼= π1(S
4
r Tube(L), b) ([1], Propositions 2.20 and 3.13). Note
that the abelianization of π1(S
4
rTube(L), b) is H1(S
4
rTube(L)) ∼= Zm, where the i-th factor of
Z is generated by a meridian of Tube(Ki). Given a simple closed curve γ in S
4
rTube(L), the i-th
coordinate of [γ] ∈ H1(S
4
r Tube(L)) is the linking number of γ with Tube(Ki).
inner outer
outer
ou
te
r
b
mα
α
outer
inner
ou
te
r
Figure 19. A meridian mα of an outer annulus α.
A parallel γ of Tube(Ki) may be drawn directly on the broken surface diagram as follows. Choose
a point P on some annulus α of the broken surface diagram. Travel along Tube(Ki) in the direction
of Ki and return back to P . Let N = N(Tube(Ki)) ≈ S
1 × S1 ×B2 be a tubular neighborhood of
Tube(Ki) and push γ off Tube(Ki) into ∂N . The resulting curve is a parallel of Tube(Ki). Note
that H1(∂N) ∼= H1(S
1 × S1 × S1) ∼= Z ⊕ Z ⊕ Z. For a parallel γ, the third integer coordinate of
[γ] ∈ H1(∂N) is the linking number of γ with Tube(Ki). If two parallels differ in homology only in
the second coordinate, then they are isotopic in the exterior of Tube(Ki). A longitude of Tube(Ki)
is parallel having zero linking number with Tube(Ki).
Lemma 4.2.8. Let L = K1∪· · ·∪Km be a virtual link diagram, ℓi be a longitude of Ki, and (ai, λi)
some meridian-longitude word pair for ℓi. Then the isomorphism G(L)→ π1(S
4
rTube(L), b) sends
λi to the homotopy class of a longitude of Tube(Ki).
Proof. Using Ω1 moves, we may assume writhe(Ki) = 0. The isomorphism G(L) → π1(S
4
r
Tube(L), b) sends a→ mα, where a is an arc of L and α is the corresponding annulus in Tube(L).
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Then λi is mapped to the product of meridians in Tube(L). The merdians in this product correspond
the successive undercrossings met while traversing Tube(Ki) from a point on the initial annulus αi.
Thus, λi is mapped to the homotopy class of a parallel γi of Tube(Ki). Since writhe(Ki) = 0, the
linking number of γi and Tube(Ki) is zero. Hence, γi is a longitude of Tube(Ki). 
4.3. Milnor invariants. In this section, we define µ¯-invariants of multi-component virtual links
and prove they are invariant under welded concordance. In the case of virtual links, the Chen-Milnor
type theorem appears as follows.
Theorem 4.3.1. Let L = K1 ∪ · · · ∪Km be a virtual link diagram and for 1 ≤ i ≤ m, let (ai, λi)
be a meridian-longitude word pair for Ki in L. Let F be the free group on a1, . . . , am. Then the
nilpotent quotients of G = G(L) have a presentation of the form:
Qq(G) ∼= 〈a1, . . . , am|[a1, φ
(q)(λ1)], . . . , [am, φ
(q)(λm)], Fq〉.
Remark 4.3.2. The above result was obtained previously by Dye and Kauffman [21] in the case
of virtual link homotopy. A geometric proof for links in thickened surfaces can be found in [5],
Theorem 3.6.
Proof. G has a serial Wirtinger presentation where there is one cyclic conjugacy class of generators
for each Ki. By adding curls (i.e. Ω1 moves) to each Ki, we may assume that writhe(Ki) = 0 for
all i. Thus it may be assumed that each parallel word is a longitude word. The result now follows
from Theorem 3.1.5. 
Recall the Magnus expansion of a word in the free group F on m letters a1, . . . , am. Let Y =
{a1, . . . , am}, and let Z[[Y ]] denote the ring of formal power series in the non-commuting variables
a1, . . . , am. For a word f ∈ F , the Magnus expansion associates an element ǫ(f) ∈ Z[[Y ]] via the
map ai → 1 + ai and a
−1
i → 1 − ai + a
2
i − . . .. For an (unreduced) word of the form yj1yj2 · · · yjr ,
with yjk ∈ Y , let J denote the sequence j1j2 · · · jr. Then there are integers ǫJ(f) such that :
ǫ(f) = 1 +
∑
J=j1j2···jr
ǫJ(f)aj1aj2 · · · ajr .
The Magnus expansion gives necessary and sufficient conditions for determining how far an element
of F lies in the lower central series: f ∈ Fq+1 if and only if ǫJ(f) = 0 for all sequence J of length
|J | ≤ q (see e.g. Fenn [22], Corollary 4.4.5).
Let L = K1 ∪ · · · ∪ Km be an m-component virtual link diagram and let G = G(L). Let
J = j1j2j3 · · · js be a sequence of numbers from the set {1, . . . ,m}. For j ∈ {1, . . . ,m} define
J |j = j1j2 · · · jsj. Choose q > s and let (aj , λj) be a meridian-longitude word pair for Kj and set
λ
(q)
j = φ
(q)(λj). We define integers µJ |j(L) by:
µJ |j(L) = ǫJ(λ
(q)
j ).
It follows from Lemma 3.1.4 that the value µJ |j(L) is independent of q if q > s. For a sequence
J = j1 · · · jr, let ∆J denote the greatest common divisor of µJˆ(L), where Jˆ ranges over all sequences
obtained from J by deleting one or more terms and cyclically permuting all of the remaining terms.
Then define:
µ¯J(L) ≡ µJ(L) (mod ∆J).
To prove that µ¯J is a welded-concordance invariant, we need the following result of Stallings.
Lemma 4.3.3 (Stallings [58], Theorem 3.4). Let h : G → G∗ be a homomorphism of groups
G,G∗ such that H1(h) : H1(G) → H1(G
∗) is an isomorphism and H2(h) : H2(G) → H2(G
∗) is
a surjection. Then h induces an isomorphism on the nilpotent quotients Qq(G) → Qq(G
∗) for all
q ≥ 2.
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Lemma 4.3.4. Suppose L,L∗ are welded-concordant virtual links. Let Λ be a concordance between
T = Tube(L) and T ∗ = Tube(L∗). Then:
Qq(G(L)) ∼= Qq(π1(S
4
r T )) ∼= Qq(π1(S
4 × I r Λ)) ∼= Qq(π1(S
4
r T ∗)) ∼= Qq(G(L
∗)),
and the isomorphisms preserve longitude words.
Proof. There are inclusions S4rT = S4×0rΛ ⊂ S4×IrΛ and S4rT ∗ = S4×1rΛ ⊂ S4×IrΛ.
By a Mayer-Vietoris argument, there are isomorphisms Hi(S
4
rT ) ∼= Hi(S
4×IrΛ) ∼= Hi(S
4
rT ∗)
for i = 1, 2. The first claim then follows from Lemma 4.3.3 and Theorem 2.4.2.
By Lemma 4.2.8, longitude words will be preserved if the isomorphisms Qq(π1(S
4
r T )) ∼=
Qq(π1(S
4×IrΛ)) ∼= Qq(π1(S
4
rT ∗)) preserve longitudes. Let Ti, T
∗
i be corresponding components
of T, T ∗ and let Λi ≈ S
1 × S1 × I be the component of Λ giving a concordance between them. Let
γi be a longitude of Ti and N(Λi) ≈ Λi × B
2 be a closed tubular neighborhood of Λi. Observe
that there is an isotopy taking γi to some parallel γ
∗
i of T
∗
i in N(Λi) r Λi. Again using a Mayer-
Vietoris argument, H1(S
4
r Ti) ∼= H1(S
4 × I r Λi) ∼= H1(S
4
r T ∗i ). Since γi is a longitude of Ti,
[γi] = 0 ∈ H1(S
4
r Ti). Hence, [γ
∗
i ] = 0 ∈ H1(S
4
r T ∗i ) and γ
∗
i is a longitude of T
∗
i . 
Theorem 4.3.5. If L,L∗ are welded-concordant virtual links, then for all sequences J with |J | ≥ 2:
µ¯J(L) ≡ µ¯J(L
∗) (mod ∆J).
Proof. Let G = G(L) and G∗ = G(L∗). Since L,L∗ are welded concordant, Lemma 4.3.4 implies
that Qq(G) ∼= Qq(G
∗) and that the isomorphism maps a longitude word for each component of L to
a longitude word of the corresponding component of L∗. By Lemma 4.2.7, the meridian-longitude
word pairs of L,L∗ are well-defined up to simultaneous conjugation in G,G∗, respectively. Theorem
4.3.1 therefore implies it is sufficient to prove that the residue classes µ¯J are preserved if (1) aj
is replaced with a conjugate for some 1 ≤ j ≤ m, (2) φ(q)(λi) is replaced with a conjugate, (3)
φ(q)(λi) is multiplied by an element of the form g
−1[aj, φ
(q)(λj)]g, and (4) φ
(q)(λi) is multiplied by
an element of Fq. These facts follow exactly as Milnor [45], Theorem 5, and hence their proofs are
omitted (see also Fenn [22], Theorem 5.8.1). 
4.4. Extended Milnor invariants. If L,L∗ are concordant virtual links, then Ж(L),Ж(L∗) are
semi-welded concordant. Pre-composing the µ-invariants of (m+1)-component links with Ж then
gives a new family of concordance invariants of m-component links.
Definition 4.4.1 (Extended µ¯-invariants). Let L be an virtual link diagram. The extended µ¯-
invariants of L are the µ¯-invariants of Ж(L).
For computational purposes, it is convenient to relate these directly to the nilpotent quotients
of extended groups. Theorem 3.1.5 implies a Chen-Milnor type theorem for extended groups. This
will be phrased in terms of extended longitude words.
Definition 4.4.2 (Extended meridian-longitude word). Let L = K1 ∪ · · · ∪Km be a virtual link
diagram. A meridian-longitude word (ai, λ˜i) for the component Ki of Ж(L) in G(Ж(L)) ∼= G˜(L)
is called an extended meridian-longitude word pair and λ˜i is called an extended longitude word.
Theorem 4.4.3. Let L = K1 ∪ · · · ∪Km be an m-component virtual link diagram and G˜ = G˜(L).
For 1 ≤ i ≤ m, let (ai, λ˜i) be an extended meridian-longitude word pair for Ki. Let F = F (m+ 1)
be the free group on a1, . . . , am, v. Then the nilpotent quotients of G˜ are given by:
Qq(G˜) ∼= 〈a1, . . . , am, v|[a1, φ
(q)(λ˜1)], . . . , [am, φ
(q)(λ˜m)], Fq〉.
Proof. The ω component of Ж(L) has only overcrossings with the components of L. This implies
that the conjugacy class of the generator v has one element and no relations. The only nontrivial
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return relations (see Definition 3.1.1) are thus for the components of L in Ж(L). The result then
follows from Theorem 3.1.5. 
An immediate consequence of the above theorem is that µJ |(m+1)(Ж(L)) = 0 for all J . In
general, the nilpotent quotients of G˜(L) are stronger concordance invariants than those of G(L). In
the case of a virtual knot K, Qq(G(K)) ∼= 〈a|〉 for all q ≥ 2 while Qq(G˜(K)) ∼= 〈a, v|[a, λ˜], F (2)q〉.
Hence, the nilpotent quotients can be highly nontrivial even for virtual knots. This will be apparent
from the calculations in Section 7.3. As there is only one extended longitude of interest in the case
of virtual knots, we make the following definition.
Definition 4.4.4 (ж-invariants of virtual knots). Let K be a virtual knot diagram and let J be
a sequence in the integers {1, 2}. Choose q > |J | and λ˜(q) = φ(q)(λ˜), where (a, λ˜) is an extended
meridian-longitude word pair. Define:
жJ(K) ≡ ǫJ(λ˜
(q)) ≡ µJ |1 (Ж(K)) (mod ∆J |1)
Note that the terminal entry of the sequence defining the ж-invariants is not used here to specify
the longitude to which the Magnus expansion is applied. The collection of the invariants жJ(K)
will be called the ж-invariants of K.
5. Artin & extended Artin representations of virtual string links
Following Habegger-Lin [26], we obtain concordance invariants for virtual string links from the
Artin representation of ~L (Section 5.2). Using the Ж map, we obtain new concordance invariants
of virtual string links and long virtual knots. These are the Artin representations of extended
groups (Section 5.3). Section 5.1 gives some background on virtual string links.
5.1. Virtual string links, Ж, and Tube. An m-component virtual string link ~L is a proper
immersion of m closed intervals I = [0, 1] into the rectangle [0, 1] × [0,m + 1],
⊔m
i=1 I → [0, 1] ×
[0,m+1], so that the i-th copy of I satisfies 0→ (0, i) and 1→ (1, i). The transversal double points
are each marked as either a classical or a virtual crossing. Each component is oriented from left to
right. Two virtual string links are said to be equivalent if they may be obtained from one another
by a sequence of Reidemeister moves and detours that fix the endpoints of the intervals. Welded
and semi-welded equivalence of virtual string links are defined similarly (see Definition 2.2.1). The
virtual string link defined by ti → (ti, i) for ti in the i-th copy of I is called the trivial string link.
A 1-component virtual string link is called a long virtual knot.
Two 1-component virtual string links ~L and ~L∗ are said to be concordant if there is a finite
sequence of Reidemeister moves, detours, births, deaths, and saddles from ~L to ~L∗ such that
Equation (1) is satisfied. Two m-component virtual string links are said to be concordant if there
is a cobordism that restricts to a concordance on each component. Welded concordance and semi-
welded concordance of virtual string links are defined analogously (see Definition 2.2.1).
10
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Figure 20. The concatenation of two virtual string links.
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The concordance classes of m-component virtual string links have a group structure defined by
the concatenation operation. The concatenation ~L#~L∗ is formed by placing ~L∗ to the right of
~L and scaling the x-coordinate by a factor of 1/2 (see Figure 20). The inverse of ~L is found by
reflecting ~L along the line x = 1 and changing the orientation of each component. A proof that this
defines a group structure can be found in [14], Theorem 1. For 1-component virtual string links, we
obtain the concordance group of long virtual knots, or equivalently, Turaev’s group of long knots
on surfaces (see [60], Section 6.5).
Definition 5.1.1 (Long virtual knot concordance group VC). The long virtual knot concordance
group, denoted VC, is the set of concordance classes of long virtual knots under the concatenation
relation, with identity given by the trivial long virtual knot.
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Figure 21. Ж for string links.
The Ж map of an m-component virtual string link ~L is defined as follows. The first m-
components are obtained by composing ~L with the inclusion [0, 1]×[0,m+1] →֒ [0, 1]×[0, (m+1)+1].
At each crossing of ~L, we draw arcs of the new component ~ω of Ж(~L) as in Figure 7. Starting at
(0,m+1) ∈ [0, 1]×[0, (m+1)+1] and ending at (1,m+1), the arcs of ~ω are connected together in an
arbitrary order. If any new crossings are introduced, those new crossings are marked as virtual. The
argument illustrated in Figure 9 shows that Ж(~L) is well defined up to semi-welded equivalence.
The same argument used to prove Theorem 2.2.2 has the following immediate corollary.
Corollary 5.1.2. If ~L, ~L∗ are concordant virtual string links, then Ж(~L), Ж(~L∗) are semi-welded
concordant.
The Tube map may also be applied to a virtual string link diagram ~L (see Figure 22). The image
Tube(~L) is a broken surface diagram of a ribbon tube. Ribbon tubes are defined as follows. Let
B = B2 and choose distinct points p1, . . . , pm in int(B). Let B1, . . . , Bm be pairwise disjoint discs
in int(B) with Bi centered at pi. Henceforth we identify B
3 with B2 × I and we set B = B2 × 12 .
An m-component ribbon tube is a smooth and proper embedding ~T of a disjoint union of m annuli
A1, . . . , Am into B
3 × I, such that for each i, the boundary components S1 × 0 and S1 × 1 of
Ai ≈ S
1× I, are identified with ∂Bi×0 and ∂Bi×1. Furthermore, it is required that the collection
ofm 2-spheres (Bi×0)∪Ai∪(Bi×1) bound a collection of immersed 3-balls that intersect themselves
and each other only in ribbon singularities. This last requirement will not be used directly here; the
interested reader is referred to Audoux et al. [1] for more details. For a ribbon tube ~T in B3 × I,
set ∂j ~T = ~T ∩B
3 × j for j = 0, 1. Note that ∂j ~T is an unlink U in B
3 × j.
Two m-component ribbon tubes ~T , ~T ∗ are said to be concordant if there is a smooth and proper
embedding Λ of
⊔m
i=1(S
1 × I)× I into B3× I × I such that
⊔m
i=1(S
1 × I)× 0 is identified with −T
and
⊔m
i=1(S
1 × I) × 1 is identified with T ∗. The same argument as used in the proof of Theorem
2.3.2 shows that a welded concordance of virtual string links ~L, ~L∗ gives a handle decomposition of
a concordance between Tube(~L), Tube(~L∗). Hence we have the following result.
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Figure 22. Tube for virtual string links.
Corollary 5.1.3. If ~L, ~L∗ are welded-concordant virtual string link diagrams, then Tube(~L) and
Tube(~L∗) are concordant ribbon tubes.
Lastly we define groups and extended groups of virtual string links. An arc of ~L is a path on
the diagram of ~L between two undercrossings or an undercrossing and a string endpoint. A short
arc of ~L is a path on the diagram of ~L between two classical crossings or a classical crossing and
an endpoint. Virtual crossings are ignored in both arcs and short arcs.
Definition 5.1.4 (The group G(~L) and its extension G˜(~L)). Let ~L be a virtual string link. The
group G(~L) of ~L is the group whose generators are the arcs of ~L and whose relations are as shown
in Figure 12. The group extension G˜(~L) of G(~L) is the group whose generators are the short arcs
of ~L and whose relations are as shown in Figure 13.
As in the case of virtual knots, the group of ~L can be realized geometrically by the Tube map.
Meridians of ribbon tubes are defined exactly as in the case of ribbon torus links (see Section 4.2).
If a is an arc of ~L and α its corresponding annulus in Tube(~L), the map a→ mα is an isomorphism
G(~L)→ π1(B
3× I rTube(~L), b). The composition Tube ◦ Ж then gives a geometric realization of
G˜(~L). These facts are recorded below.
Theorem 5.1.5 (Audoux et al. [1],Proposition 3.13). G(~L) ∼= π1(B
3 × I r Tube(~L), b)
Corollary 5.1.6. G˜(~L) ∼= G(Ж(~L)) ∼= π1(B
3 × I r Tube ◦ Ж(~L), b).
5.2. Artin representations. The first step in defining the Artin representation is the following
Chen-Milnor theorem for virtual string links. Given a virtual string link diagram ~L, label the arcs
of the i-th component ~Ki of ~L as follows. Let ai,1 be the arc containing the left-hand endpoint.
Successively label the arcs while traversing ~Ki as ai,2, . . . , ai,ni . The arc ai,1 will be called the initial
arc and ai,ni will be called the terminal arc. The initial and terminal arc can be the same arc.
Theorem 5.2.1. Let ~L be an m-component virtual string link diagram, let a1, . . . , am be the initial
arcs of the components of ~L, G = G(~L) and F the free group on a1, . . . , am. Then:
φ(q) : Qq(G)
∼= // Qq(F ).
Proof. Successively writing down the relations, the last relation is ai,ni = ui,ni−1ai,ni−1ui,ni−1.
Thus, G(~L) has a serial Wirtinger presentation such that each conjugacy classes of generators is
either serial or trivially cyclic. A trivially cyclic conjugacy class occurs when the initial and terminal
arcs coincide. As there are no nontrivial return relations, the nilpotent quotients have no relations
other than the elements of Fq and result follows from Theorem 3.1.5. 
By Theorem 5.2.1 there are isomorphisms Qq(F )→ Qq(G(~L)) defined as follows:
ψ
(q)
0 , ψ
(q)
1 : Qq(F )→ Qq(G(
~L)).
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ψ
(q)
0 (ai) = ai,1
ψ
(q)
1 (ai) = ai,ni
In other words, ψ
(q)
0 , ψ
(q)
1 map the generators of F to the initial and terminal arcs of
~L, respectively.
Definition 5.2.2 (Artin representation). The Artin representation of a virtual string link diagram
~L is the composition:
A(q)(~L) : Qq+1(F )
ψ
(q+1)
0 // Qq+1(G(~L))
(
ψ
(q+1)
1
)
−1
// Qq+1(F )
Theorem 5.2.3. Suppose ~L = ~K1 ∪ · · · ∪ ~Km is a virtual string link diagram and λi is a longitude
word for ~Ki. Set λ
(q)
i = φ
(q)(λi) Then:
A(q)(~L)(ai) = λ
(q)
i aiλ
(q)
i .
Proof. Since ψ
(q+1)
0 (ai) = ai,1, the inverse of ψ
(q+1)
0 is φ
(q+1). Refer back to the definition of
φ(q) = φ ◦ p(q) given in Section 3. Then observe:(
ψ
(q+1)
0
)−1
◦ ψ
(q+1)
1 (ai) = φ ◦ p
(q+1)(ai,ni) = φ ◦ p
(q)(l−1i,ni−1ai,1li,ni−1) = λ
(q)
i · ai · λ
(q)
i .
The claim follows, since A(q)(~L) =
(
ψ
(q+1)
1
)−1
◦ ψ
(q+1)
0 =
((
ψ
(q+1)
0
)−1
◦ ψ
(q+1)
1
)−1
. 
Remark 5.2.4. The Artin representation A(r) of ~L is unchanged if λ
(r)
i is replaced with λ
(r)
i a
k
i for
some integer k. Therefore, we may assume that λ
(r)
i is a longitude word (see Definition 3.1.3).
Next we realize the Artin representation geometrically in terms of the Tube map. First we fix
generators and a base point for π1(B
3 × I r ~T ), where ~T = Tube(~L) and ~L is an m-component
virtual string link. Set b = (0, 1, 1/2) ∈ B3 ⊂ R3 and fix closed paths νi representing meridians of
the i-th unknotted component of the unlink U = ∂0 ~T . Note that π1(B
3
r U, b) ∼= F (m). An arc
ai,j of ~L corresponds to a meridian mαi,j of an annulus αi,j in the broken surface diagram. The
isomorphism G(~L) → π1(B
3 × I r Tube(L), b) assigns ai,j to mαi,j . Generators for the initial and
terminal arcs of each component of ~L are fixed as follows. The meridians mαi,1 are identified with
νi×{0}. Let σ : [0, 1]→ B
3× I be the path σ(t) = (1− t) · (0, 1, 1/2, 0) + t · (0, 1, 1/2, 1) from b× 0
to b× 1. Take the meridians mαi,ni to be σ(νi× 1)σ
−1. To realize the Artin representation, we use
the following inclusion maps, where j = 0, 1.
τj : (B
3 × j r ∂j ~T , b× j)→ (B
3 × I r ~T , b× j).
Define ησ : π1(B
3 × I r ~T , b × 0) → π1(B
3 × I r ~T , b × 1) to be the change of base point map
determined by conjugation with σ.
Theorem 5.2.5. The following diagram commutes, with all arrows isomorphisms.
Qq+1(F )
(τ0)# //
A(q)(~L)

Qq+1(π1(B
3 × I r Tube(~L), b× 0))
ησ

Qq+1(F ) Qq+1(π1(B
3 × I r Tube(~L), b× 1))
(τ1)
−1
#
oo
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Proof. It follows from the definitions of the meridians mαi,1 ,mαi,ni that the diagram commutes. It
must be shown that the horizontal maps are isomorphisms. Let V,N be tubular neighborhoods of
∂j ~T , ~T , respectively. Using the Mayer-Vietoris sequences for each of the decompositions B
3 × j =
(B3 × j r ∂j ~T ) ∪ V and B
3 × I = (B3 × I r ~T ) ∪ N , it follows that Hk(τj) is an isomorphism
on homology for k = 1, 2 and j = 0, 1. Lemma 4.3.3 then implies that (τj)# descends to an
isomorphism of the nilpotent quotients. 
Theorem 5.2.6. If ~L, ~L∗ are welded-concordant virtual string links, then A(q)(~L) = A(q)(~L∗).
Proof. Let Λ be a concordance between ~T = Tube(L), ~T ∗ = Tube(L∗). For i = 0, 1, define inclusion
maps of pointed spaces as follows:
ιi : (B
3 × I r ~T , b× i)→ (B3 × I × I r Λ, b× i× 0),
ι∗i : (B
3 × I r ~T ∗, b× i)→ (B3 × I × I r Λ, b× i× 1).
Using a Mayer-Vietoris sequence, as in the proof of Theorem 5.2.5, it follows that Hk(ιi),Hk(ι
∗
i )
are isomorphisms on homology for k = 1, 2. Lemma 4.3.3 then implies that (ιi)#, (ι
∗
i )# induce
isomorphisms on nilpotent quotients.
A welded concordance between ~L, ~L∗ is a sequence of births, deaths, saddles, detour moves,
Reidemeister moves, and forbidden overpass moves. This gives a handle decomposition of a con-
cordance Λ between ~T = Tube(~L) and ~T ∗ = Tube(~L∗). Since these moves occur locally, they do
not affect the ends of the ribbon tubes. Hence, it may be assumed that Λ ∩ (B3 × j × t) is the
unlink U for j = 0, 1 and for all t ∈ I. Let M be the space obtained from B3× I × I rΛ using the
identifications:
(B3 × 0× x)r (U × 0× x) ∼ (B3 × 0× 0)r (U × 0× 0), ∀x ∈ I,
(B3 × 1× x)r (U × 1× x) ∼ (B3 × 1× 0)r (U × 1× 0), ∀x ∈ I.
This implies that B3 × j × 0 r ∂j ~T × 0 and B
3 × j × 1 r ∂j ~T
∗ × 1 are identified to a single copy
of B3 r U in M for j = 0, 1. Observe also that π1(M, b × j × 0) ∼= π1(B
3 × I × I r Λ, b × j × 0)
for j = 0, 1. For j = 0, 1, let ησ×j : π1(M, b × 0× 0)→ π1(M, b× 1× 0) denote the change of base
point map that conjugates by σ × j. Now consider the diagram:
Qq+1(π1(B
3 × I r ~T , b× 0))
ησ
//
(ι0)#

Qq+1(π1(B
3 × I r ~T , b× 1))
(ι1)#

Qq+1(F )
(τ0)#
55
//
(τ0)# ((
// Qq+1(π1(M, b× 0× 0))
ησ×0 ..
ησ×1
00 Qq+1(π1(M, b× 1× 0)) Qq+1(F )oo
(τ1)#
ii
(τ1)#vvQq+1(π1(B
3 × I r ~T ∗, b× 0))
ησ //
(ι∗0)#
OO
Qq+1(π1(B
3 × I r ~T ∗, b× 1))
(ι∗1)#
OO
By Theorem 5.2.5, the arrows along the top give the Artin representation of ~L and the arrows
along the bottom give the Artin representation of ~L∗. Triangles in the diagram commute as they
contain only arrows that are induced by inclusions. In M , the paths σ× 0, σ× 1 are fixed endpoint
homotopic. This implies that the squares above commute. Thus, A(q)(~L) = A(q)(~L∗). 
The last result in this section gives a computable concordance obstruction. It is used ahead in
the proof that VC is not abelian.
Corollary 5.2.7. Let ~L = ~K1 ∪ · · · ∪ ~Km, ~L
∗ = ~K∗1 ∪ · · · ∪
~K∗m be m-component virtual string
links and let λi, λ
∗
i be longitude words for
~Ki, ~K
∗
i , respectively. Let F = F (m). If
~L and ~L∗ are
concordant, then φ(q)(λi)φ
(q)(λ∗i ) ∈ Fr for all q ≥ r.
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Proof. Set a = ai, λ = φ
(r)(λi), and λ
∗ = φ(r)(λ∗i ). Then Theorem 5.2.3 and Theorem 5.2.6 imply
that: λaλ ≡ λ∗aλ∗ mod Fr+1. Rearranging this gives:
a−1(λλ∗)−1a(λλ∗) ≡ 1 mod Fr+1.
Thus, [a, λλ∗] ∈ Fr+1. Since λ, λ
∗ have exponent sum zero with respect to a, [41] Corollary 5.12
(iii), implies that λλ∗ is in Fr. By Lemma 3.1.4, φ
(q)(λi)φ
(q)(λ∗i ) ≡ φ
(r)(λi)φ
(r)(λ∗i ) mod Fr for all
q ≥ r. This completes the proof. 
5.3. Extended Artin representation. If ~L, ~L∗ are concordant m-component virtual string link
diagrams, then Ж(~L),Ж(~L∗) are semi-welded concordant (m + 1)-component virtual string link
diagrams. Then Theorem 5.2.6 implies that A(q)(Ж(~L)) = A(q)(Ж(~L∗)).
Definition 5.3.1 (Extended Artin representation). The extended Artin representation of a virtual
string link ~L is the Artin representation of Ж(~L).
The extended Artin representation can be computed directly from the extension G˜ = G˜(~L).
By Theorem 5.2.1, φ(q) : Qq(G˜) → Qq(F (m + 1)) is an isomorphism. If (ai, λ˜i) is a meridian-
longitude word pair for a component ~Ki of ~L in Ж(~L), then A
(q)(Ж(~L))(ai) = φ
(q)(λ˜i)aiφ
(q)(λ˜i)
−1.
Furthermore, A(q)(Ж(~L))(v) = v, where v is the generator corresponding to the ~ω component.
Specializing to the case of long virtual knots, we make the following definition.
Definition 5.3.2 (extended Artin representation of ~K). Let ~K be a long virtual knot diagram
and F = F (2) the free group on a, v. For q ≥ 1, the extended Artin representation of ~K is the
automorphism A
(q)
ж (
~K) : Q(q)(F )→ Q(q)(F ) defined by A
(q)
ж(
~K) = A(q)(Ж( ~K)).
6. Relations & properties
6.1. The generalized Alexander polynomial. For anm-component virtual link a multi-variable
Alexander polynomial can be defined in terms of its group G = G(L). Recall that the abelianization
of G, H1(G) = G/[G,G], is isomorphic to Z
m via the map G→ Zm that sends a meridian of the i-th
component of L to a generator of the i-th factor of Z. The Alexander invariant is the abelianization
H1([G,G]) regarded as a module over Z[Z
m]. The group ring Z[Zm] is identified with the Laurent
polynomial ring Z[t±11 , t
±1
2 , . . . , t
±1
m ]. The Alexander matrix is the Jacobian formed by taking the
Fox derivative of each relation of G with respect to each generator of G and composing with the
map sending each generator of the i-th component of L to ti ∈ Z[t
±1
1 , t
±1
2 , . . . , t
±1
m ]. For an r × c
matrix M with entries in Z[t±11 , t
±1
2 , . . . , t
±1
m ], the k-th elementary ideal Ek is the ideal generated
by the (c− k)× (c− k) minors of M . The k-th multi-variable Alexander polynomial is the greatest
common divisor of the k-th codimension minors of the Alexander matrix. When k = 1, it is called
the multi-variable Alexander polynomial.
The generalized Alexander polynomial was first defined by Jaeger, Kauffman, and Saleur [32] as
an invariant of knots in thickened surfaces. The original construction was motivated by statistical
mechanics. These were later shown to be virtual knot invariants by Sawollek [53]. Equivalent
versions can also be found in Silver-Williams [55, 56], Kauffman-Radford [38], Crans-Henrich-
Nelson [19], and Manturov [42]. In [9], Boden et al. defined a polynomial HK(t, v) from the
elementary ideal theory of the reduced virtual knot group, here denoted as G˜(K). Furthermore,
they proved ([9], Theorem 4.1) that the Sawollek polynomial is equivalent to HK(t, v) by a change
of variables. In [5], Section 4.2, it was shown that the Alexander invariants of G˜(K) are isomorphic
to those of G(Ж(K)). In particular, this implies that the multi-variable Alexander polynomial of
the two-component semi-welded link Ж(K) and the generalized Alexander polynomial of K may
be obtained from one another by a change of variables.
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Here we will show that the vanishing of the ж-invariants of K implies the vanishing of the
generalized Alexander polynomial of K. The proof relies on the following lemma.
Lemma 6.1.1 ([5], Proposition 3.7). Let L be an m-component virtual link (or a link in a thickened
surface) and F the free group on m letters. Then Qq(G(L)) ∼= Qq(F ) for all q ≥ 2 if and only if
all the longitudes of L are in the nilpotent residual G(L)ω.
Theorem 6.1.2. Let K be a virtual knot. If жJ(K) = 0 for all sequences J , then the generalized
Alexander polynomial of K is trivial.
Proof. In [5], Theorem 3.8, it was shown that if the longitudes of a virtual link (or a link in a
thickened surface) are in
⋂∞
i=1GiG
′′, where G = G(L) and G′′ = [G2, G2], then the Alexander ideal
E1 is trivial (see also Hillman [30]). Our theorem is proved by applying this result to L = Ж(K)
and G = G(Ж(K)). Let λ˜ be an extended longitude word of K and λ˜(q) = φ(q)(λ˜). Since
жJ(K) = 0 for all J , ǫJ(λ˜
(q)) = 0 for all |J | < q. This implies that λ˜(q) ∈ Fq. Then by Theorem
4.3.1, Qq(G) ∼= Qq(F ), where F is the free group on two letters a, v. Lemma 6.1.1 then implies
that the longitudes of Ж(L) lie in Gω. It follows that the longitudes lie in
⋂∞
i=1GiG
′′. Since
Gω <
⋂∞
i=1GiG
′′, the Alexander ideal E1 is trivial and hence the generalized Alexander polynomial
is trivial. 
In [7], it was proved that the odd writhe [35], Henrich-Turaev polynomial [29, 60], and writhe (or
affine index) polynomial [13, 36] are concordance invariants of virtual knots. The following corollary
implies that ж-invariants are non-vanishing whenever any these invariants is non-vanishing.
Corollary 6.1.3. Let K be a virtual knot diagram. If жJ(K) = 0 for all sequences J , then the
odd writhe, Henrich-Turaev polynomial, and writhe (or affine index) polynomial are all trivial.
Proof. By Mellor [44], the generalized Alexander polynomial determines the odd writhe, writhe
polynomial, and Henrich-Turaev polynomial. The result then follows from Theorem 6.1.2. 
6.2. Almost classical knots. A homologically trivial knot K ⊂ Σ × I bounds a Seifert surface
in Σ × I. If a virtual knot has a homologically trivial representative in some thickened surface,
then K is said to be almost classical (AC). The original definition, due to Silver-Williams [57], is
that a virtual knot is almost classical if it has a diagram with an Alexander numbering. The two
definitions are equivalent (Boden et. al [9]). Of the 92800 virtual knots up to six classical crossings,
77 are almost classical and 10 are classical (Boden et al. [9]). However, there are many virtual
knots that are not almost classical but are concordant to an AC knot. Up to six classical crossings,
there are exactly 19 slice AC knots and at least 1281 non-AC slice knots [5, 7, 6]. Furthermore, the
Tristam-Levine signature functions were generalized to almost classical knots in [6]. From these one
may obtain lower bounds on the topological slice genus of homologically trivial knots in thickened
surfaces. Thus, it is of interest to find obstructions to a virtual knot being concordant to an AC
knot.
In [5], it was shown that every virtual knot concordant to an AC knot has vanishing generalized
Alexander polynomial. Here we use a similar method to show that the ж-invariants vanish on any
virtual knot concordant to an AC knot. Recall that a link L ⊂ Σ× I is said to be a boundary link
if the components of L bound pairwise disjoint Seifert surfaces.
Theorem 6.2.1. If K is concordant to an AC knot, then all ж-invariants of K vanish.
Proof. Suppose that K is concordant to an almost classical knot C. By [5], Theorem 4.5, Ж(C) is
a split two component semi-welded link. Since the C is AC and the ω component of Ж(C) is the
unknot, it follows that Ж(C) can be represented in some thickened surface Σ × I as a boundary
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link. By [5], Theorem 3.5, the nilpotent quotients of the group of a boundary link are isomorphic
to those of a free group. Since Ж(K) and Ж(C) are concordant, Lemma 4.3.4 implies that:
Qq(G(Ж(K))) ∼= Qq(G(Ж(C))) ∼= Qq(F ),
where F = F (2) is the free group on two letters. Then Lemma 6.1.1 implies that the longitudes
of Ж(K) are in G(Ж(K))ω. For any extended longitude word λ˜ of K, φ
(q)(λ˜) ∈ Fq for all q ≥ 2.
Hence, ǫJ(λ˜
(q)) = 0 for any q and sequence J with |J | < q. 
6.3. Shuffle and cycle relations. Milnor [45] noted redundancies in the µ¯-invariants for links
in S3. Two relations between them are: (1) the shuffle relation, and (2) the cycle relation. Here
we discuss the extent to which these hold true for virtual links. Let J1 = j1,1j1,2 · · · j1,r and
J2 = j2,1j2,2 · · · j2,s be sequences. Then J is said to be a shuffle of J1 and J2 if:
(1) J1 and J2 can be embedded in J as subsequences, and
(2) all terms of J occur in either the image of J1 or the image of J2.
The set of shuffles of J1, J2 will be denoted S(P1, P2). A shuffle of J1 and J2 is proper if J1 and J2
have disjoint images in J . The set of proper shuffles of J1, J2 will be denoted PS(J1, J2).
Proposition 6.3.1 (Milnor). Let L be an m-component virtual link, J1, J2 be sequences, and
1 ≤ k ≤ m. Then: ∑
J∈PS(J1,J2)
µ¯J |k(L) ≡ 0 (mod gcd{∆J |k : J ∈ PS(J1, J2)}).
Proof. The proof follows exactly as in the case of classical links. See Milnor [45], Theorem 6, and
Chen-Fox-Lyndon [12], Lemma 3.3. 
As an application of the shuffle relation, we give spanning sets of ж-invariants for small |J |. By
a spanning set for the invariants of order n, we mean a set Sn = {жJ1 , . . . , жJz} with |J1| = · · · =
|Jz| = n such that every жJ can be written as an integral linear combination of elements of Sn.
Proposition 6.3.2. Let n ∈ N, 2 ≤ n ≤ 8, and let K be a virtual knot. Suppose that жJ(K) = 0
for all J with |J | < n. Then there is a spanning set Sn of ж-invariants for K having at most En
elements, where En is given below. Spanning sets Sn with |Sn| = En are in Table 1.
n 2 3 4 5 6 7 8
En 1 2 3 6 9 18 30
Proof. Apply the shuffle relation to µ¯J |1(Ж(K)). Since all invariants of order less than |J | are
vanishing, each shuffle relation gives an equation over the integers. If J1, J2 are either both all ones
or all twos, then the shuffle relation implies that µ11···11(K) = µ22···22(K) = 0. Then for n = 2, the
only relation is that ж12(K) + ж21(K) = 0. This establishes the claim for n = 2. For n = 3, the
shuffle relations are:
ж112(K) + ж121(K) + ж211(K) = 0,
ж121(K) + ж112(K) + ж112(K) = 0,
ж122(K) + ж122(K) + ж212(K) = 0,
ж211(K) + ж211(K) + ж121(K) = 0,
ж212(K) + ж221(K) + ж221(K) = 0,
ж221(K) + ж212(K) + ж122(K) = 0.
Solving these equations over the integers implies that every invariant жJ(K) is in the integral span
of S2 = {ж211, ж221}. For 4 ≤ n ≤ 8, Mathematica was used to write out all of the shuffle relations
and reduce (over Z) the resulting system of equations. 
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S2 21
S3 211 221
S4 2111 2211 2221
S5 21111 21211 22111 22121 22211 22221
S6 211111 212111 212211 221111 221211 222111
222121 222211 222221
S7 2111111 2112111 2121111 2121211 2122111 2122211
2211111 2211211 2212111 2212121 2212211 2221111
2221211 2221221 2222111 2222121 2222211 2222221
S8 21111111 21121111 21122111 21211111 21211211 21212111
21212211 21221111 21221211 21222111 21222211 22111111
22112111 22121111 22121211 22122111 22122121 22122211
22211111 22211211 22212111 22212121 22212211 22221111
22221211 22221221 22222111 22222121 22222211 22222221
Table 1. Spanning sets for ж-invariants of order up to 8.
For a link L ⊂ S3, the cycle relation says that µj1j2···js(L) = µjsj1j2···js−1(L). For a 2-component
link L = J ∪ K, this recovers the familiar symmetric property of the linking number: ℓk(J,K) =
µ12(L) = µ21(L) = ℓk(K, J). Next we will show that the cycle relation does not hold in general for
virtual links by relating the µ-invariants to the virtual linking number (see also Dye-Kauffman [21],
Theorem 6.1). Indeed, as discussed in Section 4.1, the virtual linking number is not symmetric.
Proposition 6.3.3. Let L = J ∪K be a 2-component virtual link diagram. Then:
µ12(J ⊔K) = vℓk(J,K).
In particular, for any virtual knot K, ж2(K) = 0.
Proof. Set G = G(L) and let λ be a longitude word of K. In Z[[a1, a2]], µ12 is the coefficient of a1 in
the Magnus expansion of φ(2)(λ). Contributions to this coefficient are identified with the exponents
of a1,j in the arcs of J . Each overcrossing of J with K introduces a letter with exponent ±1,
according to whether the crossing is signed positively or negatively, respectively. The contribution
to the coefficient of a1 is +1 for each positive crossing of J over K and −1 for each negative crossing
of J over K. Thus, µ12(J ⊔K) = vℓk(J,K).
For the second claim, recall that ж2(K) = µ21(Ж(K)). By the first claim, µ21(Ж(K)) =
µ21(K⊔ω) = vℓk(ω,K). Since ω has two overcrossings with K for every crossing of K, one of which
is signed +1 and the other of which is signed −1 (see Figure 7), it follows that vℓk(ω,K) = 0. 
7. Calculations & applications
Extended Artin representations and ж-invariants can be calculated from a Gauss diagram. Sec-
tion 7.1 gives a brief review of Gauss codes and Gauss diagrams of virtual knots. Section 7.2
illustrates an example manual calculation of the first non-vanishing ж-invariants for the virtual
knot 3.5. In the remaining sections, these calculations are done with the aid of a computer. Sec-
tion 7.3 applies the ж-invariants to the virtual knots of unknown slice status. In Section 7.4, the
extended Artin representation is used to prove that VC is not abelian. Section 7.5 discusses the
ж-invariants beyond the first non-vanishing order. Section 7.6 gives slice movies for 22 virtual
knots of previously unknown slice status.
7.1. Gauss diagrams. A virtual knot diagram K is an immersion S1 → R2 that is decorated
with classical and virtual crossings. A Gauss diagram of K can be obtained by connecting the
pre-images of the classical crossings by an arrow in S1 that points from the overcrossing arc to
26
the undercrossing arc. The sign of each crossing is marked near the corresponding arrow: ⊕ for
right-handed crossings and ⊖ for left-handed ones. An example for K = 3.5 is given in Figure 23.
To obtain the Gauss code of a Gauss diagram, mark a base point on the Gauss diagram and label
the arrows successively while circumnavigating S1. At each arrow endpoint, write an “O” for each
arrow tail, a “U” for each arrow head, the arrow label, and the sign (±) of the crossing. Repeat
this process until all of the arrow endpoints are passed. See Figure 23, center.
O1-O2-O3-U1-U2-U3-
Figure 23. The Gauss code (center) and Gauss diagram (right) of K = 3.5 (left).
Each of the Reidemeister moves may be translated into Gauss diagrams. Figure 24 shows one
type of Gauss diagram move for each of the three Reidemeister moves. For a full list, the reader is
referred to Polyak [49]. For example, there are eight different types Ω3 moves. Using the notation
of [49], they are: Ω3a, Ω3b, Ω3c, Ω3d, Ω3e, Ω3f , Ω3g, Ω3h. These will be used in the slice movies
in Section 7.6.
⇌
Ω1a
⇌
Ω2a
⇌
Ω3e
Figure 24. Some Reidemeister moves in Gauss diagram form.
7.2. Manual calculation. Let K = 3.5. Here we demonstrate a manual calculation of the first
non-vanishing ж-invariants of K. A Gauss diagram of K = 3.5 is drawn in Figure 25. There are
three main steps in the calculation:
(1) Computing λ˜(q) = φ(q)(λ) for λ an extended longitude word of K.
(2) Writing λ˜(q) as a product of commutators.
(3) Computing the first non-zero coefficients of the Magnus expansion.
Step (1): The following stratagem can be used to quickly write out a presentation of G˜ = G˜(K)
from a Gauss diagram. Each crossing of K will be passed twice while traversing the Gauss diagram
from the base point. When passing under a crossing, write down the relation of G˜ of the form
c = bvav−1b−1 or d = a−1v−1bva, according to whether the sign is − or +, respectively. When
passing over a crossing, write down a relation of the form d = v−1bv or c = vav−1, according to
whether the crossing is signed − or +, respectively. The relations now appear in the form of a
serial Wirtinger presentation. The extended group G˜ = G˜(K) is then given by:
G˜ = 〈a1, a2, a3, a4, a5, a6, v|
a2 = va1v, a3 = va2v, a4 = va3v, a5 = a1va4va1, a6 = a2va5va2, a1 = a3va6va3〉.
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3.5
a1
a2
a3
a4
a5
a6
Figure 25. The Gauss diagram and base point used in the manual calculation.
An extended parallel word l˜ ∈ G˜ of K is calculated from this presentation:
l˜ = v2a1va2va3.
Next, the word l˜ (4) = φ(4)(l˜) in F/F4 is determined inductively as in Theorem 3.1.5. After calcu-
lating φ(4)(l˜), we obtain an extended longitude λ˜(4) by multiplying φ(4)(l˜) by ak, with k chosen so
that the exponent sum of a is zero. This results in the following:
φ(2)(l˜) = φ(3)(l˜) = φ(4)(l˜) = v2av2av2av2
λ˜(4) = v2av2av2av2a3
Step (2): By Hall [28], Theorem 11.2.4, every element f in a free group on m letters F (m) can be
written uniquely as:
f ≡ ce11 c
e2
2 · · · c
et
t (mod Fq),
where c1, . . . , ct are the finite collection of basic commutators with weight at most q−1, and ei ∈ Z.
A basic commutator of weight i is in Fi but not in Fi+1, and the basic commutators up to weight
i can be computed recursively. There is an algorithm, called the collection process, that writes a
word f in normal form as above. Applying the algorithm to f = λ˜(4), we obtain:
λ˜(4) ≡ [v, a, a]4[v, a, v]4 mod F4
Details of the collection process for λ˜(4) above are available on the author’s website for the inter-
ested reader.
Step (3): The ж-invariants can now be calculated using the properties of ǫJ . The relevant properties
for our purposes are as follows:
Lemma 7.2.1 (Fenn [22], Lemma 4.4.1). Let f ∈ Fq, g ∈ Fr, and J a sequence.
(1) If |J | < q, then ǫJ(f) = 0.
(2) If |J | ≤ min{q, r}, then ǫJ(fg) = ǫJ(f) + ǫJ(g).
(3) Suppose J = J1|J2 = I1|I2 where |J1| = |I2| = q and |J2| = |I1| = r, then:
ǫJ([f, g]) = ǫJ1(f)ǫJ2(g)− ǫI1(g)ǫI2(f).
For an arbitrary sequence J with |J | = 3, partition J in two ways as J = J1|J2 = I1|I2, where
|I1| = |J2| = 1 and |I2| = |J1| = 2. Then:
жJ(K) = 4 · ǫJ1([v, a])(ǫJ2(a) + ǫJ2(v)) − 4 · ǫI2([v, a])(ǫI1(a) + ǫI1(v))(2)
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J ǫJ1([v, a]) ǫJ2(a) ǫJ2(v) ǫI2([v, a]) ǫI1(a) ǫI1(v) жJ
111 0 0 0 0 0 0 0
112 0 0 1 -1 1 0 4
121 -1 1 0 1 1 0 -8
211 1 1 0 0 0 1 4
122 -1 0 1 0 1 0 -4
212 1 0 1 -1 0 1 8
221 0 1 0 1 0 1 -4
222 0 0 0 0 0 0 0
Table 2. Final calculation of the first non-vanishing ж-invariants of K = 3.5.
Thus, to calculate all of the values жJ(K) with |J | = 3, we need only need know the Magnus
expansions of a, v, and [v, a] up to order two. The Magnus expansion of the commutator is:
[v, a] = v−1a−1va→ (1− v + v2 + · · · )(1− a+ a2 + · · · )(1 + v)(1 + a)
= 1 + va− av + higher order terms
Table 2 gives all the contributions of terms in Equation (2) for J with |J | = 3. The last column
gives жJ(K) for each such J . Note that this verifies the result of Theorem 6.3.2, that all invariants
of order 3 can be written as a linear combination of ж211 and ж221.
7.3. Slice obstructions for virtual knots. Table 3 shows the cumulative data for the slice status
of the virtual knots up to six classical crossings. The table is compiled from [5, 6, 7, 33, 51]. The
remaining 38 virtual knots of unknown slice status are given in Table 4. Each has trivial graded
genus, generalized Alexander polynomial, and Rasmussen invariant. The Rasmussen invariants for
these 38 virtual knots were calculated by H. Karimi. Here we will show that 11 of the virtual knots
in Table 4 are not slice. A twelfth virtual knot will be shown to be not slice in Section 7.4. Section
7.6 gives slice movies for 22 of the virtual knots from Table 4.
Crossing Virtual Not Slice Status
number knots slice knots unknown
2 1 1 0 0
3 7 7 0 0
4 108 95 13 0
5 2448 2401 45 2
6 90235 88958 1241 36
Table 3. Summary of results from [5, 6, 7, 33, 51].
5.1216 5.1963 6.5588 6.5958 6.6589 6.7070 6.7388 6.8451 6.14778 6.14781
6.15200 6.15952 6.31455 6.33334 6.37879 6.38158 6.38183 6.43763 6.46936 6.46937
6.47024 6.47172 6.47512 6.49338 6.52373 6.62002 6.69085 6.70767 6.71306 6.71848
6.72353 6.72431 6.76251 6.76488 6.77331 6.77735 6.86951 6.89218
Table 4. The 38 virtual knots of unknown slice status in Table 3.
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Each of the three steps outlined in Section 7.2 can be performed on a computer. Mathematica
[31] programs were written by the author to accomplish steps (1) and (3). GAP [23] was used
to perform the commutator collection process used in step (2). More specifically, the word λ˜(q) is
first computed in Mathematica. This is then imported into GAP. The GAP package ANU NQ,
written by W. Nickel, is then used to compute the nilpotent quotients F/Fq. Mapping λ˜
(q) to F/Fq
writes the word in normal form as a product of commutators having weight at most q − 1. It is
important to note that ANU NQ uses a different commutator basis than the Hall basis discussed in
Section 7.2. Lemma 7.2.1 implies that it is sufficient for our purposes to write λ˜(q) as any product
of commutators. Details on the commutator basis used by ANU NQ can be found in Nickel
[47]. Lastly, the normal form is imported back into Mathematica and the coefficients ǫJ(λ˜
(q)) of
the Magnus expansion are computed. The Mathematica and GAP programs are available on the
author’s website.
Consider the 11 virtual knots in Table 5. It is useful to observe that the length of λ˜(q) can
sometimes be reduced by shifting the base point of the Gauss code to maximize the overcrossings
appearing near the beginning of the code. Table 5 gives this shifted code. The rightward shift
needed to obtain this Gauss code from the Gauss code in Green’s table is indicated in parentheses.
Each of these virtual knots has its first non-vanishing ж-invariant at order five. The commutator
basis used by ANU NQ is:
g1 = a g8 = [v, a, v, v]
g2 = v g9 = [v, a, a, a, a]
g3 = [v, a] g10 = [v, a, a, a, v]
g4 = [v, a, a] g11 = [v, a, v, a, a]
g5 = [v, a, v] g12 = [v, a, v, a, v]
g6 = [v, a, a, a] g13 = [v, a, v, v, a]
g7 = [v, a, v, a] g14 = [v, a, v, v, v]
Table 5 shows the normal form of λ˜(6) mod F6. The ж-invariants in the spanning set S5 (see Table
1) are given in Table 6. As there is at least one non-vanishing ж-invariant in each case, none of
these virtual knots are slice.
7.4. VC is not abelian. In this section, we use the extended Artin representation to study the
concordance group of long virtual knots. As a second application, we will also show that the (closed)
virtual knot 6.8451 is not slice.
Figure 26. A connected sum of the long virtual knots 2.1 and 3.1.
Theorem 7.4.1. The concordance group VC of long virtual knots is not abelian.
Proof. Consider the long virtual knots given by the following Gauss codes:
O1-O2-U1-U2- and O1-O2-U1-O3+U2-U3+.
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K Gauss code (right shift from [24]) length of λ˜(6) λ˜(6) mod F6
6.6589 O1-O2-O3-O4+U3-O5+U4+O6+U2-U1-U5+U6+(2) 22 g10g11g12g13
6.7070 O1+O2-O3-U2-O4-U3-U5+U4-O6+U1+O5+U6+(1) 792 g10g11
6.15200 O1+O2+O3-O4+U3-O5-O6-U5-U1+U6-U4+U2+(2) 20 g10g11g12g13
6.15952 O1-O2-U1-O3-O4+U3-U5+O6+O5+U6+U2-U4+(0) 1120 g10g11g12g13
6.43763 O1+U2+O3+O4-O2+U4-O5-U6-U1+U5-O6-U3+(3) 586 g10g11
6.47172 O1+O2-O3-O4-U3-O5+U2-U6+U1+U4-O6+U5+(2) 634 g210g
2
11
6.47512 O1+O2+O3-O4+U3-O5-U2+U6-U1+U5-O6-U4+(2) 934 g210g
2
11
6.71848 O1-O2+O3-U1-O4-U2+O5+U6+U4-U5+O6+U3-(0) 586 g10g11
6.72431 O1-O2+O3-U1-O4-U3-O5+U2+O6+U5+U4-U6+(0) 14 g10g11
6.76251 O1-O2+O3-U1-O4-U5+O6+U2+O5+U6+U4-U3-(0) 498 g10g11
6.89218 O1-O2+U3+O4+U2+O3+U5-O6-U1-O5-U6-U4+(0) 2278 g10g11
Table 5. Summary of the first two steps in calculating the ж-invariants.
жJ(K)
J 6.
65
89
6.
70
70
6.
15
20
0
6.
15
95
2
6.
43
76
3
6.
47
17
2
6.
47
51
2
6.
71
84
8
6.
72
43
1
6.
76
25
1
6.
89
21
8
21111 0 0 0 0 0 0 0 0 0 0 0
21211 1 -1 -1 1 -1 2 -2 1 1 1 -1
22111 0 0 0 0 0 0 0 0 0 0 0
22121 1 0 1 -1 0 0 0 0 0 0 0
22211 0 0 0 0 0 0 0 0 0 0 0
22221 0 0 0 0 0 0 0 0 0 0 0
Table 6. The ж-invariants in the spanning set S5 for the knots in Table 5.
These are 2.1 and 3.1, respectively, as virtual knots in Green’s table. Let ~K = 2.1#3.1 and
~K∗ = 3.1#2.1. We will show that A
(q)
ж(
~K) 6= A
(q)
ж(
~K∗) for some sufficiently large q. Let λ˜ be an
extended longitude word of ~K in Ж( ~K) and λ˜∗ an extended longitude word for ~K∗ in Ж( ~K∗). By
Lemma 5.2.7, it is sufficient to show that φ(q)(λ˜−1)φ(q)(λ˜∗) is not in Fq for some q, where F is the
free group on two letters a, v. For q ≤ 7, φ(q)(λ˜−1)φ(q)(λ˜∗) ≡ 1 mod Fq. For q = 8, we have:
φ(8)(λ˜) = va−1v−2a−1vav2av−1a−1v(a−1v−2)2v−1av2av−1a−1va−1v−2a−1(v2a)2v−1 ·
ava−1v−2a−1v−1av2av−1ava−1v−2a−1vav2av−1a−1va−1v−2a−1va3
φ(8)(λ˜∗) = va−1v−3a−1v2av−1ava−1vav−1a−1va−1v−2av3av−1a−1va−1v−3a−1v2av−1 ·
ava−1v−2av−1a−1va−1v−2av3av−1a−1va−1v−3a−1v2av−1ava−1va3
Projecting to F/F8 and computing φ
(8)(λ˜−1)φ(8)(λ˜∗) (via GAP) , we have:
φ(8)(λ˜−1)φ(8)(λ∗) ≡ g225g
8
26g
4
27g
6
28g
5
29g
3
32g
3
33g
2
34g35g
6
36g
2
37g
4
38g
3
39g40 mod F8,
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where the commutators gk above are given by:
g25 = [v, a, a, a, a, a, v] g34 = [v, a, v, v, a, a, a]
g26 = [v, a, a, a, v, a, a] g35 = [v, a, v, v, a, a, v]
g27 = [v, a, a, a, v, a, v] g36 = [v, a, v, v, a, v, a]
g28 = [v, a, v, a, a, a, a] g37 = [v, a, v, v, a, v, v]
g29 = [v, a, v, a, a, a, v] g38 = [v, a, v, v, v, a, a]
g32 = [v, a, v, a, v, a, a] g39 = [v, a, v, v, v, a, v]
g33 = [v, a, v, a, v, a, v] g40 = [v, a, v, v, v, v, a]
Thus, the long virtual knots ~K = 2.1#3.1 and ~K∗ = 3.1#2.1 are not concordant and we conclude
that VC is not abelian. 
The closure of a long virtual knot ~K is the virtual knot cl( ~K) obtained by identifying its end-
points. If ~K and ~K∗ are concordant, then cl( ~K) and cl( ~K∗) are concordant as virtual knots (see
[14], Section 3.1). Boden and Nagel [10] observed that a long virtual knot is slice if and only if its
closure is slice. A natural question is whether this is true for all concordance classes of long virtual
knots. The above example shows that this is not the case.
Corollary 7.4.2. There exist non-concordant long virtual knots with concordant closure.
Proof. The long virtual knots ~K = 2.1#3.1 and ~K∗ = 3.1#2.1 have identical closure and hence
have concordant closure. By the proof of Theorem 7.4.1, ~K and ~K∗ are not concordant as long
virtual knots. 
The method used in the proof of Theorem 7.4.1 can also be used to show that (closed) virtual
knots are not slice in some cases. Suppose that a closed virtual knot can be represented as K ⇌
cl( ~K# ~K∗) for some long virtual knots ~K, ~K∗. This will be slice if and only if ~K# ~K∗ = 1 ∈ VC,
which occurs if and only if ~K = ( ~K∗)−1 in VC. Then Lemma 5.2.7 implies that φ(q)(λ˜)φ(q)(λ˜∗) ∈ Fq,
where λ˜, λ˜∗ are extended longitude words for ~K, ~K∗, respectively.
6.8451
Figure 27. 6.8451 is the closure of the product of two long virtual knots, after a
shift in base point. The depicted base point coincides with Green’s table [24].
After shifting the base point to the right by one endpoint, the virtual knot K = 6.8451 can be
represented as cl( ~K# ~K∗) (see Figure 27):
K ⇌ cl(U1-O2-O3+U2-O1-U3+U4+O5+O6-U5+O4+U6-),
~K = U1-O2-O3+U2-O1-U3+,
~K∗ = U1+O2+O3-U2+O1+U3-.
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The first q for which φ(q)(λ˜)φ(q)(λ˜∗) 6∈ Fq is 6. The length of both φ
(6)(λ˜), φ(6)(λ˜∗) is 2788. They
can be written as products of commutators as follows.
φ(6)(λ˜) ≡ g4g5g
2
6g
2
7g8g
3
9g10g11g12g
2
13g14 mod F6
φ(6)(λ˜∗) ≡ g4g5g8g10g
2
11g12g14 mod F6
φ(q)(λ˜)φ(q)(λ˜∗) ≡ g26g
2
7g
3
9g
3
11g
2
13 mod F6
Thus, 6.8451 is not slice as a (closed) virtual knot.
7.5. Beyond the first non-vanishing invariants. Here we give some example calculations of
the ж-invariants beyond the first non-vanishing order. As the properties of ǫJ in Lemma 7.2.1 no
longer apply in this case, the Magnus expansion coefficients will be calculated directly from their
definition. This was done with a Mathematica program, which is available on the author’s website.
It calculates the invariant жJ for J = 22 · · · 211 · · · 1.
4.19 4.32
Figure 28. Two virtual knots with the same first non-vanishing ж-invariants but
with different higher order ж-invariants.
Consider the virtual knots K = 4.19 and K∗ = 4.32 shown in Figure 28. These knots have
the same generalized Alexander polynomial [24] and hence the same odd writhe, Henrich-Turaev
polynomial, and affine index polynomial. By [7], K,K∗ have the same graded genus and the same
slice genus.
The first non-vanishing ж-invariants for K,K∗ occur at order three. Denote by λ˜, λ˜∗ extended
longitude words for K,K∗, respectively. For the invariants of order three, we find that:
φ(4)(λ˜) ≡ φ(4)(λ˜∗) ≡ g24g
2
5 mod F4.
Thus, жJ(K) = жJ(K
∗) for all J with |J | = 3. Furthermore, we see that the ж-invariants of order
four are defined only (mod 2). For the invariants of order four, we find:
φ(5)(λ˜) = vavavavav2av3avavav
φ(5)(λ˜∗) = vavava2vavav
The ж-invariants are given by the residue classes:
ж2221(K) ≡ 1 (mod 2) ж2211(K) ≡ 0 (mod 2) ж2111(K) ≡ 1 (mod 2)
ж2221(K
∗) ≡ 1 (mod 2) ж2211(K
∗) ≡ 1 (mod 2) ж2111(K
∗) ≡ 0 (mod 2)
Hence, 4.19 and 4.32 are not concordant.
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7.6. Slice movies. In this section, we give slice movies for 22 of the virtual knots in Table 4. We
will use the technique of slicing Gauss diagrams that was introduced in [7]. A saddle move can
be represented in a Gauss diagram with a saddle chord that connects the two arcs involved in the
move. The correspondence is depicted in Figure 29. Note that the surgery itself is not drawn in
the Gauss diagram. The two sides of the saddle chord are the arcs of the new link diagram after
the move. An arrow endpoint may be slid over a saddle chord, as long as the endpoint stays on the
same side of the chord during the slide. If one side of a chord contains no arrow endpoints, then
this indicates an unknotted and unlinked component circle that can be eliminated with a death
move.
Figure 29. A saddle chord (blue dashed line) as it appears in a virtual knot diagram
(left) and in a Gauss diagram (right).
Examples (5.1216, 5.1963): Slice movies for each of these two virtual knots is given in Figure
30 (see also Figure 5). Both can be sliced using the same technique. First an Ω3 move is used to
rearrange the arrows (red shaded arcs). Then a saddle chord is added. After the saddle, an Ω2
move is performed. The rightmost frame in each movie is a trivial 2-component link. This can be
seen by performing an Ω2 move followed by an Ω1 move. These movies complete the slice status
classification of all virtual knots up to 5 classical crossings.
5.1216:
⇌
Ω3f Ω2
⇌
5.1963: ⇌
Ω3c Ω2
⇌
Figure 30. Slice movies for the two five crossing virtual knots in Table 4.
Examples (6.14778, 6.14781, 6.46936, 6.46937): A slice movie for 6.14778, is given in Figure
31. A saddle chord is drawn in the first frame. After the saddle, the two green arrows are rearranged
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so that an Ω2 move is visible. After deleting the green arrows, we see that the 2-component link
has an unknotted and split component. This component is eliminated with a death move. Next,
we perform the indicated Ω3 move (red shaded arcs). Two Ω2 moves (blue and gold shaded arcs)
can then be used to reduce to the unknot. Thus, 6.14778 is slice. The same procedure works for
the other virtual knots listed. The first frame of the movie for each is given Figure 32.
⇌
Ω3e
=
⇌
Ω2
death
=
Figure 31. A slice movie for 6.14778 (top left). The movie starts with a saddle,
goes left-to-right on the first row, and then left-to-right on the second row.
6.14778 6.14781 6.46936 6.46937
Figure 32. The same procedure as in Figure 31 works for these four knots.
Example (6.5958): The slice movie is given in Figure 33. After performing the saddle, we rear-
range the arrow highlighted in green. This sets up an Ω3e move. The red arcs indicate the three
arcs involved in the move. After the Ω3e move, two Ω2 moves are available (blue shaded arcs). A
last Ω2 move (gold shaded arcs) gives a two component unlink. A death move applied to one of
the unknots gives a concordance to the the unknot. Hence, 6.5958 is slice.
Examples (Figures 35, 36, 37): The technique used for 5.1216 and 5.1963 also slices 15 addi-
tional virtual knots from Table 4.
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⇌Ω3e
⇌
Ω2
=
⇌
Ω2
(×2)
Figure 33. A slice movie for 6.5958 (top left). The movie starts with a saddle,
goes left-to-right on the first row, and then left-to-right on the second row.
8. Questions for further research
(Question 1) Which of the virtual knots in Figure 34 is slice? Figure 34 shows the four virtual
knots whose slice status remains unknown. Their ж-invariants vanish for every order calculated.
For 6.31455, the ж-invariants vanish up to order at least nine. For 6.52373 and 6.86951, they vanish
up to order at least eight. For 6.62002, they vanish up to order at least seven. Further calculation
was not possible due to length of the extended longitudes. For example, the extended longitude
λ˜(9) for 6.86951 has length 1109468 after reduction in GAP.
6.31445 6.52373 6.62002 6.86951
Figure 34. The last four (out of 92800) virtual knots of up to six classical crossings
having unknown slice status.
(Question 2) If жJ(K) = 0 for all J , is K concordant to an AC knot? The answer to the corre-
sponding question for classical links is negative. Cochran and Orr [17] proved that there are links
in S3 that have vanishing µ-invariants but are not concordant to any boundary link.
(Question 3) Are the ж-invariants of finite-type? In the case of knots in S3, it follows from a result
of Ng [46], that there are no nontrivial rational valued finite-type concordance invariants of knots
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in S3. For multi-component string links, the µ-invariants are of finite-type (see Lin [40], Bar-Natan
[2]). Furthermore, Habegger and Mausbaum [27] showed that the only rational valued finite-type
concordance invariants of string links are Milnor’s concordance invariants and products thereof.
Integer valued concordance invariants of virtual string links can be defined analogously using the
Magnus expansion. Can they be used to define a universal finite-type concordance invariant of long
virtual knots?
(Question 4) Which ж-invariants control the vanishing of the generalized Alexander polynomial?
For 2-component links in S3, Traldi [59] determined which µ-invariants determine the vanishing
of the multi-variable Alexander polynomial: ∆L(x, y) = 0 if and only if all invariants of the form
µ11···22(L) are vanishing. What are the corresponding results for the generalized Alexander poly-
nomial?
(Question 5) What is the correct form for the cycle relation for our µ-invariants? It follows from a
result of Cimasoni and Turaev [15] that the deviation from symmetry of the virtual linking number
is captured by the intersection form. If the 2-component virtual link J ∪K is represented by a link
J ⊔ K in a thickened surface Σ × I, vℓk(J,K) − vℓk(K,J) = [ρ(J)] · [ρ(K)]. Here ρ : Σ × I → Σ
is projection to the first factor and · denotes the intersection form on Σ. What is the appropriate
correction term for the cycle relation for the µ-invariants of order greater than two?
(Question 6) How many independent ж-invariants are there for every order? The question for
classical links was answered by Orr [48]. Spanning sets of small order were given in Table 1, but
these are unlikely to be minimal.
(Question 7) Is there a theory of virtual link derivatives? Cochran [16] showed that the first non-
vanishing µ-invariants of a link in S3 can be efficiently calculated using link derivatives. Recall that
link derivatives are found by intersecting Seifert surfaces of the link components. Can something
similar be developed for links in Σ× I with homologically trivial components? As the ж-invariants
vanish for all homologically trivial knots in thickened surfaces, this would not help in calculating
the ж-invariants. It may be useful, however, for understanding the µ-invariants of virtual links.
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6.5588:
⇌
Ω3e Ω2
⇌
6.7388: ⇌
Ω3h Ω2
⇌
6.33334: ⇌
Ω3e Ω2
⇌
6.37879:
⇌
Ω3h Ω2
⇌
6.38158: ⇌
Ω3b Ω2
⇌
Figure 35. Slice movies for some six crossing knots.
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6.38183:
⇌
Ω3d Ω2
⇌
6.47024: ⇌
Ω3g Ω2
⇌
6.49338:
⇌
Ω3e Ω2
⇌
6.69085: ⇌
Ω3c Ω2
⇌
6.70767:
⇌
Ω3e Ω2
⇌
Figure 36. Slice movies for some six crossing knots.
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6.71306: ⇌
Ω3f Ω2
⇌
6.72353:
⇌
Ω3c Ω2
⇌
6.76488: ⇌
Ω3e Ω2
⇌
6.77331:
⇌
Ω3b Ω2
⇌
6.77735
⇌
Ω3c Ω2
⇌
Figure 37. Slice movies for some more six crossing knots.
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